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ABSTRACT 

This report aims at developing a systematic theory of the rôle 
of fractures in the transport of radionuclides by groundwater, 
through fractured rocks from a deep-lying nuclear waste 
repository to the biosphere. Fractures are grouped into four 
Il irreducible Il types:· joints, nodes, shear zones and fracture 
zones, and the physical characteristics which influence radio
nuclide transport are expressed in mathematical terms. The 
question of radioactivity retention is then studied for various 
fracture types, using idealized geometries to model natural 
forms. Fundamental transport equations are derived for the 
fracture-pore complex, taking into consideration the special 
physical characteristics of fractures and the effects of 
sorption therein. 

RESUME 

Le but du rapport est de développer une théorie systématique du 
rôle des fissures dans le transport de radionucléides à travers 
la roche, du dépôt de stockage à grande profondeur jusqu'à la 
biosphère. Les fissures sont groupées en quatre types dits 
lIirréductibles ll

: jointures, noeuds, zones de cisaillement et 
zones de fractures; les caractéristiques physiques qui influ
encent le transport des radionucléides sont exprimées en termes 
mathématiques. La question de la rétention de la radioactivité 
est subséquemment étudiée pour divers types de fissures à l'aide 
de géométries idéalisées destinées à représenter les formes 
naturelles. On dérive les équations fondamentales du transport 
dans le complexe des fissures et des pores, en tenant compte des 
caractéristiques physiques particulières des fissures et des 
effets de la sorption à l'intérieur de celles-ci. 

ZUSAMMENFASSUNG 

Das Ziel dieser Arbeit ist es, eine systematische Theorie der 
Bedeutung von Spalten beim Transport von Radionukliden durch 
Grundwasser in geklüfteten Gesteinen zu entwickeln. Die Spalten 
werden in vier lIirreduzible li Typen eingeteilt. Joints, Nodes, 
Scherzonen und Bruchzonen. Ihre physikalischen Charakteristiken 
werden, soweit sie für den Radionuklidtransport von Bedeutung 
sind, mathematisch formuliert: Natürliche Spaltformen werden 
durch idealisierte Geometrien angenahert und die Retention von 
Radionukliden für verschiedene Spalttypen untersucht. Es werden 
Grundgleichungen für den Transport durch den SpaltjPorenkomplex 
abgeleitet. Dabei werden die spezifischen physikalischen Charak
teristiken der Spalten und die Effekte der Sorption in Spalten 
berücksichtigt. 
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1. INTRODUCTION 

Central to the concept of burial of radioactive wastes in deep 

geological formations, now being actively discussed in many countries, 

is the geological barrier (or "geosphere") that is interposed between 

the radioactive substances and the ecosystem ("biosphere") containing 

the living creatures with man at its evolutionary apex. Besides the 

technical barriers built into the design of the containers, aimed at 

preventing the release of radioactivity into the geosphere for at least 

several thousand years, the physicochemical processes in the geosphere 

are expected to retard the migration of the released radioactivity by 

a big enough span of time, by which the activities reaching the biosphere 

would be reduced to very small levels. The .additional level of radiation 

in the biosphere due to the introduction of man-made radioactivity is 

considered acceptable by the present standards, if it does not exceed 

* a very small fraction of the radiation coming from the natural background. 

The raison d'etre of the repository safety analysis+ is to quantify this 

additional risk of radiation conservatively, erring only on the side of 

caution. A crucial difference between the radioactive wastes and the 

inactive ones (for example, those from the chemical industry) is that 

the former decline in activity with time, and the rates of this decline 

are governed by the laws of nuclear and particle physics that cannot be 

influenced by other physical, chemical and geological processes, except 

by nuclear transmutation. This provides a great advantage over the inert 

*For example, the figure set by the Swiss Nuclear Regulatory Agency, 
ASK, is 10 mrem/yr as the maximum tolerable radiation dose due to 
placed activities from the nuclear waste repositories (ASK report R-2l, 
Wlirenlingen, Oct. 1980). There is, however, enough scope of further 
research on the dangers from the long-term effects of low-level background 
radiation. 

+An excellent review o~ broad aspects of the repository safety analysis 
has recently appeared. 
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wastes in the management of the waste, since the geospheric retardation 

can be exploited to the maximum advantage of the biosphere. The resultant 

field of ecology is a new chapter in ecoscience, - in this, man, for the 

first time, is concerned not only with the ecology at present, but also 

thousands of years hence. 

With the above considerations in mind, let us come to the specific 

ones for the geosphere concerning the transport of leached radioactivity 

through the rocks that surround the repository. The part of analysis 

with which we should be concerned here assumes that the containers of 

nuclear wastes have been breached by the groundwater after a certain 

time (~ kyrs) and the leached activity is carried by the flowing water. 

The basic question now is: How does this contaminant make its way into 

the biosphere? Simple (often, one-dimensional) transport models are 

2 
used, along with a perspective given by the realistic hydrological 

studies of the relevant geological formations, to obtain radioactive 

" "t" t" t th b" h 3,4 lnJec lon ra es ln 0 e lOSP ere. 
4 

Biosphere transport models are 

then utilized to derive estimates for additional dose to man coming from 

the nuclear wastes. The focus of this paper is the role of fr~ctures 

in the rock, coming in bewildering varieties of geometrical and transport 

characteristics, in the transfer of the leached nuclear activity from 

the repository to the biosphere. This important subject has not been 

dealt with substantially in the literature, but it is bound to attract 

more attention in the near future if geological mausolea are to become 

accepted as a way to dispose of nuclear wastes. 

A fractured (or fissured) rock is characterized by a distribution 

of discontinuities5 in the properties of the rock. The medium bounded 

by a surface of discontinuity is roughly homogeneous in these properties. 
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Frequently these discontinuities are not connected. Some reasons why 

the fractures may play a crucial rOle in the safety analysis of the nuclear 

waste repository are: (1) The changes in the transport properties of the 

media due to the presence of fractures, and their roles in the transport 

of radioactive materials carried by the groundwater; (2) dynamical 

structural changes due to the thermomechanical effects of the heat load 

from the placed radioactivity; (3) possible coupling of the hydrological 

and transport aspects of the wandering of the dissolved wastes; (4) increased 

sensitivity to seismic activity and the resultant possibility of developments 

of wider and new fractures; (5) softening effects of the contaminated 

groundwater on the fractured surface and a reduction of shear strength 

along the fractured surface. Of these, we shall be primarily concerned 

here with the item (1). In particular, we shall attempt to extract effective 

retention parameters in presence of a given distribution of fractures in 

the rock. 

Despite the importance of fractures in the transport of dissolved 

contaminants in fluid, both in geological and in environment sciences, 

very little work has been done at the fundamental level* that can be 

taken over to ot1;r special applications in the context of the nuclear 

waste problem. At the outset, let us summarize the available literature. 

The proceedings of the 1972 Symposium at Stuttgart on the percolation 

6 
through fissured (fractured) rock contain several review articles that 

are of interest in our context: Snow7 reviews in this conference the 

fundamentals of in situ determination of permeability; Krizek ~ al. 8 

present theoretical models for dispersion of a contaminant in fractured 

rock and report result of laboratory experiments to test such models. 

However, the problems of sorption and retentions are not discussed. The 

*In summarizing the importance of basic research in this area, Koplik et al., 
in a recent review,l conclude in their subsection, lIWhere do we go from
here": "Basic research should be performed on some of the less well-understood 
phenomena which figure prominently in safety analysis. These include leaching, 
sorption and flow in fractured media li

• 
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symposium on storage in excavated rock caverns (ROCKSTORE 77), held in 

1977 at stockholm, had a special session on underground storage of 

nuclear wastes. The contribution from the Lawrence Berkeley Laboratory9 

there again stresses problems of transpor,t through fractured media. 

In the contexts of nuclear waste containment in geological formations, 

the role of fractures is often mentioned, but never really analyzed in 

detail. Burkholder et al.
IO 

introduce the concept of a retention factor 

for the "faulted monolithic- media", in analogy to the similar quantity 

for porous media, without detailed discussions of the concept or its 

role in the analysis. Such a justification has been provided by Hadermann 

and the authorll for a set of joints with arbitrary apertures, separations 

and sorption characteristics. Attempts have been made by many authors 

to provide a coupling between fracture and porous media (see, for example, 

Goblet et al.,13 Grisak and Pickens
l4

), following the pioneering works 

of Barenblatt and collaborators
l2 

in the hydraulic context, but the general 

problem of trnasport of radionuclides in the flowing groundwater through 

a complex network of fractures and pores remains unsolved. Amongst the 

recent works in the related problems, we mention those of Glueckauf,l5 

Stokes
l6 

and Neretnieks. 17 A topic to which considerable attention has 

been paid18 is the probability estimates concerning fault movement in the 

neighborhood of a repository or the likelihood that faulting affects a 

repository at all. We shall not deal with this subject in this work, 

due to the lack of reliabilityl for such estimates. As a source of general 

review of literature in this field, we cite the recent report of Isherwood,19 

the paper of Grisak and pickens,14 and the review by Koplik, Kaplan and 

Ross.l 

A warning about the interdisciplinary nature of the subjects covered 

here is in order. These often touch many areas of engineering and geological 
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sciences, for example, engineering and sciences pertaining to sanitation, 

dam construction, earthquake, weapon testing, pollution control; chemical 

engineering; volcanology; classical hydrology and hydraulics - just to 

name a few. This author knows of no review that discusses these contours 

touched by the subject matter of this paper in a comprehensive fashion. 

It is hoped that this work will give the aspiring researchers a quick 

overview of the basic questions and steer them directly into the heart 

of these. 

The remainder of this paper is organized as follows: Sections 2 and 3 

deal with fractures alone, while section 4 consider fractures and pores 

simultaneously, thereby dividing the paper into two basic parts. In 

section 2, we identify the fracture types and describe their physical 

characteristics in mathematical terms, suitable for the modeling of the 

transport problem. This section is inspired by the work of Gale and 

Witherspoon. 5 Section 3 discusses transport in fractured media, dealing 

with the question of retention of radionuclides in various fractures, 

treating, in depth, the retention in joints of various idealized geometries, 

and carrying over the discussion to other fractures. This greatly enlarges 

11 the scope of the work begun by Hadermann and the author. Section 4 

contains the discussion of the fundamental equations in the transport 

problem for the fracture-pore complex. Here we discuss the hydraulic 

analogues of this problem, and derive, using the distinctive properties 

of the fractures and pores, the respective transport equations. In this 

paper, we do not present any solutions of these equations, since this will 

carry us too far into the boundary value problems (we hope to return to 

it in a future work). Section 5 summarizes the conclusions of the paper. 
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2. FRACTURE TYPES AND THEIR PHYSICAL CHARACTERISTICS 

Fractures occur in bewildering varieties of physical forms. According 

to some basic geometrical features, we shall group them in four main types: 

(a) joints, (b) nodes, (c) shear zones and (4) fracture zones. Gale and 

Witherspoon,5 in their report on the studies of fracture hydrology at 

Stripa, discuss three distinct types - joints, shear zones and fracture 

zones. However, the nodes can have characteristics special to them, 

not shared by the other three types. We, therefore, put them in a special 

class. The classification of the fractures that we attempt here is of 

mathematical, rather than geological, bias; its sole objective is to aid 

us in treating mathematical transport problems in a simpler and more coherent 

fashion than that would be possible without the guidance of the classification. 

Our hope is, thus, to put some structure into transport problems of increasing 

complexity. We shall not be dealing with microfractures, which can be 

treated as an effective porous medium (a randomized distribution of micro

fractures 20 would mimic nicely a porous medium in transport properties). 

Below we discuss the principal characteristics of the fracture types 

NODE.. 

(Fig. 1). 

SOLID ROCK 

FRACTURE ZONE 

Fig. 1: Various fracture types occuring in a mass of rock (After Gale 

and Witherspoon. 5 To their figure, we have added the caption for node. 

This figure is reproduced here with the kind permission of Prof. Witherspoon, 

Univ. of Calif., Berkeley). 
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2.1 Joints (Fig. 2) 

These have the following properties: (1) They occur in sets. 

(2) Members of a given set are more or less parallel to one another. 

(3) Their distance scales are typically from 1 m to 100 m. (4) These 

may be discontinuous in their own plane (Fig. 2b). 

Mathematically, then, joints can be attributed the following characteristics: 

(i) a planar geometry, with a preferred directional unit vector r along the 

length of the joint. (ii) Length L of the connected stretch (typically from 

one to a hundred meters). (iii) Width or aperture a. (i v) Separation d 

between successive members of a set. The "properties" L, a and d satisfy the 

inequalities 

a « L, a « d, 

or, more specially, 

a « d < L. 

In the case, where the members of a joint follow a sawtooth (zig-zag) 

pattern, the vector r is the average of the vectors r 
l' r 2' r 3' . . " r n 

characterizing the straight (linear) portions (Fig. 2c). The direction 

cosines normal to r will be indicated by n .. 
1 

A 

(2,1) 

(2.2) 

Fig. 2a: Joints: 2 sets Fig. 2b: A joint set 

orthogonal to each other, discontinuous in its 

sometimes forming a node as at own plane. 

A. A section through the joints 

is shown here. 
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Fig. 2c: A saw-tooth joint. The straight sections are indicated by 

The vector directions are 

chosen to be that of the fluid flow in this .ioint. 

An important parameter for a rock containing a system of joints is 

the permeability tensor K ... This has been investigated by Snow and 
lJ 

collaborators. Their result can be expressed in terms of the quantities 

introduced above: 7 ,21 

3 
~2d (<5 ij - N ij ) 

where <5 •• is the Kronecker tensor (equal to unity for i = j, zero otherwise), 
lJ 

Nij is a direction cosine matrix defining the normal to the plane containing 

r. K .. has a dimension of [L2] , the quantity inside bracket in Eq. (2.3) 
lJ 

being dimensionless. One objective of the hydraulic field experiments, 

such as these at the Stripa field,5 is to determine this tensor. A 

diagonalization of the Kij is needed to determine the directions of the 

principal axes and components of the tensor along them, a canonical 

problem of the matrix algebra. 

2.2 Nodes 

Nodes are crossed joints. Thus, a node is formed when two or more 

joints intersect. Hence a node results by relaxing the parallel character 

of joints. Their scales are typically 1 to 10
2 

meters. Relaxing the planar 

character of joints yields a more general class of nodes, arms of which 

do not lie in one plane. 
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3 

~~------~----------------4 

1 

5 

Fig. 3: A section through a five-pronged node with center o. Directions 

of fluid flow are indicated by the arrows. An !IN-point node" will 

have N radiating arms from the center. 

Mathematically, (i) arms of nodes mayor may not be planar in 

geometry. (ii) The ith arm of the nodes has length Li and width ai' satisfying 

the inequality 

a. « L .. 
1 1 

(2.4) 

(iii) The separation d .. between any two arm i, j is variable. Clearly, 
lJ 

we have 

at the center of the node. Asymptotically, at distances far from the 

center, 

L. rv d .. » a • 
1 lJ j 

At the center of the node, the fluid flux conservation law 

N 
E 

i = 1 

-+ 
F. = 0 

1. 

(2.6) 

(2.7) 

is satisfied, where F. is the fluid flow vector in the ith arm, N being 
1. 
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the total number of arms of a node. The significance of this is obvious: 

the total incoming flow at the center (as, indeed, at any other point) 

must equal the total outgoing flow. This is the hydraulic equivalent 

of the Kirchoff law in the theory of electrical networks. (v) For a 

given node, there mayor may not exist an axis of symmetry passing through 

the center, about which there is a reflection symmetry for the arms. We 

can, thus, dis'tinguish between symmetric and asymmetric nodes. 

The hydraulic or transport chapacteristics of a node can be often 

written down in straightforward analogy to the system of electrical 

networks. It is thus useful to recall the correspondences between various 

hydraulic (transport) parameters and those of heat and current conduction 

and the ones from electrostatics. We refer to such a table (table 13, 

page 140 ) given in M. Muskat' s famous treatise. 2'2 While this correspondence 

works strictly for a flow of an incompressible fluid through a porous 

medium, we can treat each arm of a node (or any other fracture length) 

as an effective (anisotropic) porous medium, but with characteristic 

parameters quite different from the normal porous media. In such idealized 

discussions, roughness of the nodal surface cannot be taken into due 

account. 

2.3 Shear zones 

The name of this class of fracture (Fig. 1) indicates the forces 

that produce them. These can be very large, stretching kilometers of 

distances. Clearly, for the problem we are interested, one should 

obviously avoid locating a nuclear repository at an area pervaded by 

these zones, as they will provide a rapid transport path for water that 

might leach the storage of radioactive nuclides. Thus, these features 

are of primary importance in determining the regional groundwater flow. 
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Mathematically, we can say: 

(i) Shear zones are characterized by the plane of shear. Thus, the 

transport in such a zone is essentially reducible to a two-dimensional 

problem. It would thus be largely described by L. , the lengths of the 
1 

sides and the included angles G., and the direction cosines n of the 
1 j 

normal to the shear plane. In the special case of a rectangular zone, 

L. = L, 8. = n/2. (ii) The width a is much smaller than L. : 
111 

a « L .. 
1 

2.4 Fracture zones 

(2.8) 

Gale and Witherspoon5 define these "as zones of closely spaced 

and highly interconnected discrete breaks", arbitrarily long, with a 

width,a;ranging from meters to 10 meters (Fig. 1). 

Mathematically, we can define the fracture zone as a sequence of 

2-arm nodes with the condition (2.4) relaxed. Nodel arms in this sequence 

need not be in the same plane, however. Eqs. (2.5) and (2.,) are also 

valid, N being equal to 2, and the indices i, j taking values 1 and 2. 

For a repository safety, shear and fracture zones play very crucial 

roles, since they provide shorter pathways to the flowing groundwater. 

2.5 General remarks on hydraulics of the fractured media 

We note that, except for the shear zones, appropriately projected 

one-dimensional transport problems have a direct relevance to the other 

three classes, since these fractures consist of segments of lengths 

having small widths. Thus, the transport problem for such fractures 

can be broken into many one-dimensional segments, the sum of which 

yields the result for the whole fracture. Shear zones require a two-

dimensional transport model from the beginning. Fracture zones can be 

broken into many one-dimensional segments. 
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Let us look at the fluid velocity in a fractured medium, a quantity 

very relevant to the radioactivity transport. If a given rock has a 

volume V, of which V is the volume of the solid, and V is the volume 
s n 

of the void, 

V = V + V , 
s n 

the porosity E is defined as 

E = 
V 

n = (1 + 
V (2.10) 

with r = V /V. For a fluid of viscosity ~, density p flowing through 
s n 

a medium of intrinsic permeability k, we can define the hydraulic conduc-

t 
tivity of the medium K to be 

(2.11) 

g being the acceleration due to gravity. Specializing to the fractured 

medium, the average linear velocity v
f 

of the fluid in a fractured medium 

is given by the modified Darcy formula 

v =-f 

Kf 
Ef 

(2.12) 

where the subscript f refers to the fractured medium, ~~ is the hydraulic 

gradient. Typical figures
24 

for k and K for fractured igneous and 

-15 -11 2 -8 -3 metamorphic rocks are 10 to 10 m and 10 to 10 m/s respectively. 

For a slightly fractured granite, we take the figures from Freeze and 

24 -8 10-4. % Cherry K5= 10 m/s and Ef = Taking a hydraulic gradient of l~, 

we get vf~ 30 m/yr, compared with that in a unfractured granular medium) 

v ~ 0.003 m/yr! Thus, the fracture fluid velocity is very large indeed, 

compared to that in an unfractured medium. 

t The measured K depends strongly on the scale of the rock, i.e., on the 
"representative elementary volume" (REV)11,23. 
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3. TRANSPORT IN FRACTURED I.ffiDIA: RETENTION OF RADIONUCLIDES 

As our discussion of the ~revious section concerning the high water 

velocity in the fractured media indicates, the presence of fractures in 

rocks surrounding the nuclear waste repository will play a crucial role 

in the migration of leached radioactive wastes carried by the groundwater. 

A connected network of fractures will give a fast pathway to the con-

taminated groundwater. The diffusion-dispersion problem will then become 

a boundary value problem of a complex consisting of fractured and non-

fractured media. An important step is the derivation of the fundamental 

diffusion-dispersion equation specialized to the fractured media. Below 

we consider the transport of a radionuclide in the fracture alone, exten-

11 
ding the concept of retention discussed by Hadermann and the author 

for a single rectangular joint. Extension to a chain of radionuclid6s is 
-5-01'L 

straightforward, but will be omitted here brevity. 
(t. 

3.1 Fundamental transport equation in a fracture: Retention factor for 

joints 

The basic conservation equation applied to a radioactive solute in 

the flowing groundwater is 

~ 

where F is the flow vector for the contaminated fluid having a velocity 

~ 

v: 

~ 'V 
F - - D 

~ 4-

VC + vC, (3.2) 

'V 
where the dispersion tensor D contracts with negative concentration gradient 

to give the diffusive term, the convective term being a product of liquid 

velocity and solute concentration C in liquid. A is the radioactive decay 

constant of the solute. The total concentration of the radioa.ctive con-

tarninant is a sum of two terms: one arising from the contaminant in the 
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flowing liquid phase and the other from the contaminant sorbed on the 

exposed surface layers lining the fracture, in constant contact with 

the flowing contaminated liquid. The first one is indicated by C, in 

-3 units of ML . The second term requires defining a concentration C per 
s 

( -2 unit area of the sorbing surface thus, C is in units of ML ). 
s Now, 

the density of the sorbed concentration is nothing but the sorbed mass 

in the fracture volume divided by the fracture volume, i.e., AC lv, where 
s 

A is the total sorbing area and V is the fracture volume. Thus, we get 

c = C + AC Iv. (3.3) 
t s 

In introducing the surface density C of contaminants, we are making the 
s 

tacit assumption that the contaminant sorbed by the surface of the fracture 

is retained by it, in order that Eq. (3.3) remains valid. In considering 

diffusion through the fracture lining into the surrounding rock matrix, 

this assumption has to be modified. Defining a retention factor requires 

a further assumption, that of a linear sorption isotherm. This allows 

us to relate C and C in a simple, time-independent way: 
s 

C = KC, s a 
(3.4) 

where K is the surface sorption equilibrium constant, having the dimension 
a 

of (1). Substituting Eqs. (3.3), (3.4) in (3.1), we get 

- -V·F = B (R'C) 
t 

wherein Bateman operator 

- (L + 
Bt = at A), (3.5') 

and the retention factor for the transport in a single fracture is defined 

to be 

R' = 1 + K (A/v) . 
a 

(3.6) 
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In summary, we state the approximations used above: 

(a) The fluid containing radioactive contaminant resides solely in the 

fracture. 

(b) The surface lining the fracture, with an area A, is in sorption 

equilibrium with the fluid flowing in the permeable zone of the 

fracture. The sorbing surface layer is infinitesimally thin. 

(c) The sorption isotherm is linear. 

(d) There is no diffusion into the intact rock matrix. 

Note that Eq. (3.6) is valid for any single continuous fracture of 

arbitrary shape. A and V will then refer to the appropriate surface 

and volume pertaining to that fracture. 

3.1.1 Retention Factors for Different Joint Geometries 

Since it is not simple to measure the R' directly in the geological 

settings of our interest, it is useful to see how the retention factor R' 

depends on the geometry of the fracture. For this, we consider joints 

of idealized geometries25 and compute R'. In so doing, we shall assume 

that the two planes that bound the fracture define two surface areas 

that are perpend~cular to the fracture axis, and that these areas do 

not participate in the sorption (since a «L). If they did/it would 

be trivial to include them in the calculation. 

(a) Rectangular joint: This is the case discussed by Hadermann and the 

11 author. Neglecting the lateral boundaries in the context of 

sorption, we have 

A = 2J.., V = aj., (3.7a) 

where a is the aperture of the joint, 2Ais the area of the surfaces 

parallel to joint axis, i.e., the non-lateral boundaries. Thus, 

for a single joint, 

R' = 1 + 
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(b) Joint in the form of a right circular cylinder: The area A that 

sorbs the contaminant is that of the curved surface: 

a 
A = 2TT - L 

2 ' (3.8a) 

where a is the aperture and L, the length of the cylinder (Fig. 4). 

Hence, the retention factor is: 

4K 
R' = 1 + ~. (3.8b) 

8. 

'..-+----- L joint axis 

Fig. 4: Cylindrical joint 

(c) Joint in the form of a right elliptical cylinder: In terms of the 

semi-axes a and 13 and length L, the area sorbing the contaminant is 

(3.9a) 

where C is the circumference of the ellipse. Therefore, the retention 

factor is 

R' = 1 + K 
a 

1 1 1/2 
[2 (2" + 2") ] . 

a. 13 

Defining a mean aperture, a, by topologica1ly deforming the ellipse 

into a circle of radius a/2, we get 

K 2 
R' = 1 + ~ (~) (3.9c) 

a 0.13 

where 2/ . d" . 1 a as 1S a 1menS10n ess geometrical coefficient. 

(d) Joint in the shape of a right circular cone: In terms of the base 

aperture a, altitude L (Fig. 5), the sorbing surface area is 

A = TT ~ ;(a2 
+ L2 

24' 

Hence the retention factor is 

(3.l0a) 
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K 
R' = 1 + 6 a 

a 

6K 
which tends to (1 + ~) in the limit aiL ~ O. 

a 

axis of the joint 
~ 

Fig. 5: Joint in the shape of a right circular cone. 

(3.l0b) 

(e) Polyhedral joints: Let the length of a side of the polygons, from 

Polyhedra 

types 

which the polyhedra are generated, be CL. The nQ~ber N of 
S 

surfaces, N
V

' of vertices, and NE' of edges, are related by the 

. 25 equatlon 

(3.1la) 

As before, we shall assume that two of the total available surfaces -

those that are ~ to the fracture axis - do not participate in the 

sorption process. Thus, for a tetrahedrol!, two equilateral triangles 

will take part in the sorption. This is a conservative estimate 

of the retention factor in the sense that it provides a lower bound 

on it. The effective sorbing surface to volume ratios for regular 

polyhedra are given in table 1. 

Table 1: Sorbing surface to volume ratios for joints in the 

shape of regular polyhedra. Numbers in brackets in 

the first row index the appropriate polyhedron as 

subscripts in Eq. (3.llc). 

Tetrahedron Cube Octahedron Dodecahedron Icosahedron 

(1) (2) (4) 

Sorbing sur
face to 
volume ratio 

-1 
CL 

-1 
CL 

-1 
CL 

-1 
CL 
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By a topological deformation, we can define a circle of radius a/2 

which has the same circumferente as that of the representative surface of 

a polyhedron: 

L Cl. 
i 1 

(3.llb) 

We can, thus, write the retention factors of the joints in the shape of 

regular polyhedron, in terms of their equivalent apertures a.: 
1 

R. = 1 + X. a.-
l K 

111 a (3.llc) 

where Xl = 7.2, X2 = 5.1, X3 = 5.3, X4 = 3.5, X5 = 3.4, the subscript i 

referring to the polyhedron types given in table 1. 

We can summarize the results of the last few pages by the following 

equation for the retention factor for a joint of the various geometrical 

forms considered above: 

-1 R = 1 + xa K, 
a 

(3.12) 

where X is a numerical constant between 2 and 10, depending on the joint 

geometry, and a is the "equivalent" aperture represented by a circular 

joint with the same circumference as that of the surface l to· the joint 

axis. 

3.1.1 Retention factors for a system of joints 

11 Elsewhere we have discussed the transport of radionuclides through 

a system of joints and derived effective retention factors, using the 
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concept of the "representative elementary volume" (REV) and assuming that 

the flowing liquid lies in the joints only (viz., ignoring the lateral 

dispersion into the surrounding rock matrix). We recall here the conclusions: 

where 

(1) The retention factor for a network of n joints is given by 

n 
R' = I: 

n i=l 

V i 
F 

a. = 
1 I: V i 

i F 

<l. R! 
1 1 

. A. 
R.' = 1 + Kl ~ 

1 a V 1 

F 

here, v
F

i is the volume of ith joint, K i its linear surface sorption 
-- a 

(3.l4a) 

11 
constant, A., the effective sorption area. (In the work with Hadermann, 

1 

i the ratio Ai/V
F 

has been set to 2/a, a being the effective aperture, since 

i Ai and V
F 

are taken to be 2A and aA respectively). 

(2) The Eqs. (3.a",It.r)do not depend on the REV. 

(3) In the limit of large n, the retention factor is the same as 

that of an anisotropic porous medium. 

3.2 Retention in transport through the nodes 

Consider the system of node in Fig. 3 with N arms. Treating each 

arm of the node as a joint, we can write for the ith arm, the flux equation: 

VF 
i 

-+- + . ) i 
-\l·F. ( = Bt 

Ct 1 I: V 1 
. F 
1 

N 
B
t 

being the Bateman operator (~t + A) and I: 
i=l 

tration density ct
i 

is given by 

V i = V F . The total concen-



i 
V 
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C i 
t 

= C ~ + 
i V c 

A. 
1 

s. V 
1 

(3.16) 

where C. is the concentration density in the flowing liquid in the ith 
1 

arm and C ,is the surface concentration/area in the sorption area A .. 
s. 1 

1 

Writing the linear sorption isotherm, as before, 

we have 

Substituting 

where 

C 
K C. s. = 

1 a. 1 
1 

C i 
C. 

1 (V + K A. ). = 
t V F. a. 1 

1 1 

(3.fca) in (3.IS), we obtain 

++ 
V·F. = 

1 

R.' = 1 + 
1 

, 
B

t R. 
1 

K A. 
a. 1 

1 

C. , 
1 

(3.18) 

(3.20) 

This result physically implies that the retention effectively enlarges 

the volume of the ith arm from VF . to VF . + Ka.Ai' 
111 

The flux conservation at the center is given by (Eq. 2.7): 

N 
+ 

L Fi = o. 

i = 1 

Calling n
1 

as the number of the incoming arms and n
2 

as that for the 

outgoing ones, 

we have 

n
1 

n
2 

+ + 
L F. = - L F. , 

1 1 

i = 1 i' = 1 

(3.21) 

(3.22) 
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unprimed and primed indices standing for incoming and outgoing channels. 

The flux conservation equation can be equivalently stated as 

N 
n

l n2 
-+ 

(E 
-+ -+ 

( E 
-+ -+ 

V· Fi) - ? • F. + E F. t) 
1 1 

i=l i=l it=l 

= o. 

Using (3.19), we get 

n l n
2 

Bt(E Ri' Ci + L R~ Ct) = o. (3.24) 

i=l i'=l 

The quantity in bracket is the total radionuclear density in the nodal 

system at timet,r(~Thus, we get the Rutherford-Sody equation of radioactive 

decay 

B
t 

I(t) = 0, 

for the radionuclide, carried by the fluid, with decay constant A. 

3.3 Retention in transport through the shear and fracture zones 

In view of the generality of the derivation of the Eq. (3.6) for the 

retention factor R', the retention factor for the shear and fracture zones 

can be given by the same formula: 

Rt = 1 + K (A/V) 
a 

the ratio A/V referring here to the total sorbing surface area A to the 

total fracture volume V. The flux equation 

-+ -+ - V . F = B
t 

(R'C) 

now refers to the average flux* in the planar geometry for the 

shear zone. For the fracture zone, the retention should now be 

*For a thorough giscussion of different averaging procedures, see the paper 
of Krizek et al. , who consider various velocity profile functions. 26 These 
considerations become particularly important if a contaminant is diffusing 
through a slowly moving fluid. 
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calculated piecewise, each piece referring to the single fracture line 

contained in a given plane. 
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4. FUNDAMENTAL EQUATIONS IN THE TRANSPORT PROBLEM 

FOR THE FRACTURE-PORE COl·1PLEX 

While analytical solutions are available for the dispersion of con-

taminated fluids in homogeneous isotropic media, such solutions are not 

generally possible in a three-dimensional problem in which heterogeneous 

geological layers are juxtaposed. The problem of the fracture-pore 

complex is additionally difficult due to the complication in the geometry 

of the boundary of a fracture with the neighboring rock matrix. The 

boundary value problem is here generally too complex to be solved via 

analytical techniques. 

4.1 Hydraulic analogy: Barenblatt problem 

It is interesting at this juncture to recall the approaches of hydraulics 

in tackling the problem of seepage of homogeneous liquids in fractured rocks. 

12 
A pioneering approach is that due to Barenblatt and collaborators. These 

-+ -+ 
authors introduce two velocity fields v

F 
and vp for fracture and pore 

respectively at the same point in space. Assuming the fracture to be 

narrow and the velocity of fluid in fracture sufficiently small, one· can 

write the Darcy equation for the fracture: 

(4.1) 

where ~ is the fracture permeability and ~ is the liquid viscosity, P
F 

being the fracture pressure. The mass conservation equations for the 

fracture and pore read: 

(4.2) 
a -+ ~ at (Cp p) = - 'V • (p vp ) - q; 

here C
F 

is the coefficient of fracture and Cp is the porosity of the rock 
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matrix: 

(4.3) 

VF and Vp are the volumes of the fractures in a given volume V of the 

rock; q is the net transfer of fluid from the pore to the fracture, given 

12 by Barenblatt's Ansatz: 

q = £:e.. -( p _ p ) .. 
l.l P F 

(4.4) 

where a is a dimensionless coefficient. The equation (4.4) provides a 

hydraulic coupling between the fracture and the porous medium. Substituting 

Eqs. (4.1) and (4.4) in the first of Eqs. (4.2), we obtain 

(4.5) 

12 
Barenblatt argues that a good approximation to this equation is 

(4.5' ) 

where he drops the first term on the left and right hand side of Eq. (4.5). 

Similarly, one can derive the following equation for the pore: 

ap 
(Sp + C

p 
S) -p + ~ ( Pp - P F) = 0, 

at l.l 
(4.6) 

with S as the compressibility coefficient of the liquid and Sp' that of 

the pore boundary. Eqs. (4.5')and (4.6) are the fundamental hydraulic 

equations for the fissure-pore complex due to Barenblatt. It is now trivial 

to eliminate Pp from (4.5')and proceed with the solution of the resultant 

differential equation for PF: 
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where K and n are the appropriate coefficients. 

This overview of the hydraulic analogue of the transport problem 

for the fracture-pore complex has been intended to illustrate the difficulty 

of the hydraulic approach in our context. First, note that the introduction 

of the quantities analogous to the pressure or velocity fields is not 

appropriate at the same space point either in hydraulics or in the 

transport problem. Second, the coupling of the fracture and pore by 

a simple source term q is not possible in the transport context. The 

coupling here is a very complicated function of the boundary between the 

fracture and the pore and implicitly of the time variable as well. Finally, 

the initial conditions are quite different in the two problems. 

4.2 Multilayer idealization: a second appeal to hydraulics 

A much c.loser hydraulic analogy than what we have discussed in the 

earlier section is provided by the problem of the dispersion in layered 

porous media, a field in which the MIT group have made important contributions. 27 

These layers are individually homogeneous and isotropic and their boundaries 

represent the discontinuity of the physico-chemical properties. Treated 

enough simply, the dispersion in multilayered media is amenable, in two 

dimensions, to the technique of Laplace transforms. An extreme simplicity 

can, of course, be achieved going to the one-dimensional heterogeneity, 

but this sacrifices a principal motivation of this work, an attempt to 

study the lateral dispersion. 

4.2.1 Distinction between characteristics of fractures and pores 

Before we come to the multilayer idealization of a fracture-pore 

complex, it is worthwhile to stress the important characteristics that 

distinguish fractures from the porous media. We shall specifically discuss 
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these here those having strong bearings on the transport problem at hand. 

(1) The apertures characterizing the fracture, a
F

, are considerably 

greater than the typical dimension of the pore, a in the same rock; thus, 
p 

the permeability ~ of the fracture is much larger than that of the pores 

K: 
p 

This is why a fracture system dictates the passage of a fluid through 

a block of the crystalline rock. 

(4.8) 

(2) The fracture coefficient CF is generally considerably smaller 

* than the porosity C of the host rock: 
p 

-+ 
The liquid velocity in the fracture vF is much faster than that 

-+ (1) : in the pore v , essentially as a consequence of 
p 

-+ -+ 
vF 

» v p 
(4.10) 

-+ 
The v

F 
is along the fracture axis: 

(4.10') 

-+ 
(4) In the fracture, diffusion in the directlon vF can be neglected, 

since the convection is so strong. 11 
Introducing the notation d F and 

~ for diffusion coefficients characterizing the process I1 and..L to the 

-+ 
velocity field vF ' we can set 

a!' ~ 0, (4.11) 

as an approximation in the fracture transport problem. In special 

situations, where the diffusion transit times are much bigger than the 

convective transit times for the transport of the radionuclides, it may 

be possible to neglect the diffusion entirely in the fracture transport 

*There are rocks where the inequality (4.9) need not be true. 
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problem. However, for consideration of effects of lateral dispersion 

perpendicular to the ~ direction (i.e. the fracture axis), it would be 

necessary to retain the a; term in the transport equation. 

4.2.2 Transport equations for an alternating fracture - pore complex 

We now return to the second hydraulic problem as an idealization 

to the fracture-pore boundary value problem - the multilayer fracture-pore 

sandwich. We conclude this section by writing down the transport equations 

for this problem simplified by making use of the specialized characteristics 

of fractures discussed above in § 4.2.1. 

The general transport equation for both the fracture-filling and 

porous media can be written in the generic form 

(4.12) 

where R is the retention factor of the medium a due to linear sorption, 
a 

-+ 
C is radionuclide concentration in the fluid, F is the flux, B~ is the 

a a ~ 

a 
Bateman operator (at + A). R is the usual retention factor for the porous 

p 

medium, R
f 

is that for the fracture, as obtained earlier in § 3. The 

-+ flux F is given by Eq. (3.2): 
a 

-+ 'V 
F - - D a a 

-+ -+ 
'iJ C + v C 

a a a 

The essential simplifications for the fracture-filling medium occurs 

due to Eqs. (4.10 ) and (4.11). 

Define z direction along tlE fracture axis, 

-+ v 
z 

=> (DF DF 0) , , , 
x y 

where i, j, k are the unit vectors along (x, y, z) axes, D ,D are the 
x y 

non-vanishing components of the diffusion tensor in its diagonal form. 

(4.13) 

(4.14) 

(4.15) 
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Thus, the flux in fracture is 

F aCF + j D -) 
Y ay 

(4.16) 

~ 

Taking the negative gradient of FF' we get 

(4.17) 

Using the definitions 

(4.18 I) 

we get the fundamental equation for the fracture transport in its simpliest 

form: 

( (dF a2 
F a2 

VI L) a (4.18) -- + d - - (at + ;\)) C
F 

o. x ax
2 y ay2 F az 

If the fracture-filling medium has diffusive coefficients with the (x, y)

planar symmetry, d F = d,F = d l , Eq. (4.18) reduces to 
x y ..I-

where ~2 is the x,y dimensional Laplacian operator. Eqs. (4.18) and 

(4.18"), together with the definitions (4.18'), where the RF is calculated 

as described by the methods of § 3, constitute the fundamental equation 

of fracture transport of this paper. 

For the porous medium, the Eq. (4.12) is harder to simplify unless 

additional approximations are possible, allowed by the nature of the 

medium. For example, if the diffusion properties of the medium are isotropic, 

D ~ D 
P P 

a scalar, then the transport equation for the pores reduces to 
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(4.19) 

where definitions similar to Eq: (4.18') have been used. If, additionally, 

the convective velocity is too small on the scale of the transport, one 

gets a further simplification 

(4.19' ) 

It is beyond the scope of this paper to discuss practical ways to 

solve these equations, subject to the realistic boundary conditions 

prevalent for the nuclear waste respository. We shall return to this 

in a future paper. We merely note that these equations are familiar in 

the mathematical physics literature. We refer the reader to the classic 

work of Carslaw and Jaeger,28 who discuss, in their book (sections 1.12 -

1.13), precisely these equations and how they arise in the theory of heat, 

neutron transport and in hydro- and electrodynamical problems. Solution of 

these classes of equationsis the subject of many mathematical treatises. 29 
... 

We conclude this section by noting an important constraint imposed 

by sorption on the fracture surface that must be invoked in solving Eqs. 

(4.18") and (4.19') simultaneously: the flux of the radionuclide solute 

into the interface of the fracture-pore bondary minus the flux leaving 

the interface equals the rate of increase of the sorbed solute on the 

interface. Only when the sorption reaches saturation, this condition 

reduces to the flux continuity across the interface. 
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5. S~~Y AND CONCLUSIONS 

We have aimed at studying the rble of fractures, occurring in 

bewildering varieties in the geological formations, in the transport 

of radionuclides by the groundwater from a nuclear repository. This 

subject is intrinsically complex, but of extreme importance in the 

ecological safety analysis, and has a crucial bearing on the decisions 

regarding the building of repositories in many countries. The fractures 

have b~en classified into four geological stereotypes of increasing 

complexity as far as the transport problem is concerned: joints, nodes, 

shear zones and fracture zones. The suitability of the fractured rocks 

as geological barriers to the radionuclide transport has been analyzed 

in terms of the retention factors for fractures of diverse geometries 

and forms. Hydraulic analogues to the problem of the couplings of the 

fracture-pore transport equations have been studied. Using the constraints 

of the fracture properties, a transport equation, specific to the fracture, 

has been derived, using the retention factors discussed in this paper. 

We are now at a stage where the boundary value problems connected with this 

coupling, for a multi-layer geology, can be rigorously handled. 

Laboratory and in-situ experimentations of retention factors and 

some model dispersion experiments, having at least part of the realistic 

complexities, would be very welcome at this stage. Further theoretical 

work requires tackling the boundary-value problem formulated in this 

paper. This will be reported elsewhere in due course. 
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