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Vorwort
Die sichere Entsorgung radioaktiver Abfälle in der Schweiz ist seit der Präsentation möglicher
Standortgebiete für geologische Tiefenlager Ende 2008 ein in Öffentlichkeit und Fachwelt viel
diskutiertes Thema. Dabei wurde wiederholt die Frage aufgeworfen, ob Sicherheitsprognosen für eine
Million Jahre überhaupt möglich sind. Einer der dazu relevanten Aspekte betrifft die zukünftige
Klimaentwicklung und die damit verbundenen möglichen Auswirkungen "glazialer Tiefenerosion" auf
die Langzeitsicherheit eines Tiefenlagers. Dieser Fachbegriff bezieht sich auf die Bildung tiefer
Felsrinnen und übertiefter Täler unter dem Eis von Eiszeitgletschern, die in der geologischen Zeitperiode des Quartärs (d.h. während der letzten 2.6 Millionen Jahren) mehrere Male das Schweizer
Mittelland teilweise oder weitgehend mit mehreren hundert Meter dickem Gletschereis bedeckt haben.
Obwohl in den zu Handen des Bundes Ende 2008 eingereichten Vorschlägen für Standortgebiete für
geologische Tiefenlager 1 Regionen mit übertieften Felsrinnen, die als Folge der glazialen Tiefenerosion entstanden sind, ausgeschieden wurden 2, 3, bleibt jedoch die Frage, wann, wie und wo
zukünftige Gletscher Tiefenerosion leisten könnten, für die Langzeitlagerung radioaktiver Abfälle
weiterhin von grosser Bedeutung.
Um das Prozessverständnis betreffend den Mechanismen der glazialen Tiefenerosion (Erosionswirkung, Erosionsgeschwindigkeit, Sedimentbilanz) zu vertiefen, hat die Nagra im April 2010 einen
internationalen Experten-Workshop zum Thema "Modellieren glazialer Erosionsprozesse" 4 durchgeführt. Insbesondere wurde der internationale Stand von Modellierungsarbeiten zu glazialen
Erosionsprozessen evaluiert und versucht, die Frage zu beantworten, ob die glaziale Erosion im
Hinblick auf die Langzeitsicherheit von geologischen Tiefenlagern mit Hilfe von Modellierungen
quantifiziert werden kann. Grosse Einigkeit herrschte unter den Experten darüber, dass es weiterhin
Forschungsbedarf zu den Prozessen an der Gletschersohle gibt und es wurde empfohlen, Arbeiten
hinsichtlich eines besseren Prozessverständnisses durchzuführen, z.B. in Form von Modellierstudien
zur Quantifizierung von Ungewissheiten und zur Untersuchung von Sensitivitäten und Prozessparametrisierungen. In diesem Zusammenhang wurde besonders auf die Wichtigkeit der Gletscherhydrologie für realistische Simulationen der Eisfliessdynamik und Erosionsprozesse hingewiesen.
Die Rolle der Gletscherhydrologie für die glaziale Erosion war auch ein vieldiskutiertes Thema des im
April 2012 durchgeführten internationalen Experten-Workshops zum Thema "Glaziale Übertiefung" 5,
der zum Ziel hatte, glaziohydraulische und thermomechanische Rückkopplungseffekte an der
Gletschersohle bei der Entstehung von glazialen Übertiefungen zu erörtern. Übertiefte Täler werden
an Stellen erwartet, wo Eisfluss und damit Gleitgeschwindigkeit und Felsabrasion 6 gross sind, z.B. bei
Zusammenflüssen von Gletschern. Jedoch deuten Beobachtungen von Übertiefungen im Zungenbereich von Gletschern, wo divergentes Eisfliessen vorherrscht, auf Schwachstellen in der einfachen
Beziehung zwischen Erosion und Gletscherbewegung, die oftmals in heutigen glazialen Erosionsmodellierungen verwendet wird, hin. Einige Experten betonten deshalb den Einfluss von Druckschwankungen im subglazialen Schmelzwasser auf die Funktion der Detraktion 7 als dominierenden
1

Nagra (2008): Vorschlag geologischer Standortgebiete für das SMA- und das HAA-Lager. Darlegung der Anforderungen, des Vorgehens und der Ergebnisse. Nagra Technischer Bericht NTB 08-03.

2

Nagra (2008): Vorschlag geologischer Standortgebiete für das SMA- und das HAA-Lager. Geologische Grundlagen.
Nagra Technischer Bericht NTB 08-04.
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Zwei der vorgeschlagenen Standortgebiete (Zürich Nordost und Nördlich Lägern) grenzen an übertiefte Felsrinnen.
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Fischer, U.H. & Haeberli, W. (2010): Glacial Erosion Modelling: results of a workshop held in Unterägeri, Switzerland,
29 April – 1 May 2010. Nagra Arbeitsbericht NAB 10-34.
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Fischer, U.H. & Haeberli, W. (2012): Glacial Overdeepening: results of a workshop held in Zürich, Switzerland, 21-22
April 2012. Nagra Arbeitsbericht NAB 12-48.
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Abschleifen des Untergrunds durch im Eis mitgeführte Gesteinspartikel.

7

Losreissen von Gesteinspartien aus dem Felsbett des Gletschers.
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II

Erosionsprozess bei der Bildung von übertieften Tälern. Generell wurde dem subglazialen Abflusssystem in Übertiefungen eine Schlüsselrolle zugordnet, da es nicht nur Auswirkungen auf die Eisfliessdynamik hat sondern auch auf Mechanismen der Erosion und des Sedimenttransports.
Subglaziale Abflusssysteme werden allgemein in "verteilte" (hydraulisch ineffizient) und "kanalisierte" (hydraulisch effizient) Morphologien unterteilt. Die räumlichen und zeitlichen Übergänge
zwischen diesen Abflussmorphologien als Reaktion auf jahreszeitliche oder tägliche Schwankungen
der Lufttemperatur stehen in Zusammenhang mit zum Teil heftigen Veränderungen des subglazialen
Wasserdrucks und der Gletscherfliessgeschwindigkeit.
Ausgehend von dem starken Zusammenhang zwischen glazialer Hydrologie und Gletscherbewegung
sowie deren Variabilität auf verschiedenen Zeitskalen, wurden für das hier dokumentierte Projekt
folgende Fragen als zentral betrachtet:
•

Was ist die Bedeutung von täglichen und jahreszeitlichen Schwankungen des subglazialen
Wasserdrucks für die über grössere Zeiträume integrierte Gletscherfliessgeschwindigkeit?

•

Was sind die Auswirkungen des sich zeitlich und räumlich entwickelnden subglazialen Abflusssystems auf die glaziale Erosion?

Bis heute ist dies die einzige Studie, die systematisch den Einfluss von instationären hydrologischen
Bedingungen an der Gletschersohle auf modellierte Erosionsraten untersucht hat. Andere Studien, die
Gletscherhydrologie in glaziale Erosionsmodelle integrieren, verwenden vereinfachte stationäre
Darstellungen des subglazialen Abflusssystems 8.
Unter Berücksichtigung des in den Arbeitsplan der Nagra 9 aufgenommenen Ziels, das Prozessverständnis der glazialen Erosion, insbesondere der Entstehung tiefer Felsrinnen und übertiefter Täler,
mit Hilfe von Modellierstudien zu vertiefen, wurde folgendes übergeordnetes Projektziel abgeleitet:
•

Robuste modell-basierte Analyse zur Berücksichtigung von instationären hydrologischen
Bedingungen an der Gletschersohle für eine realistische Modellierung glazialer Erosionsraten.
Untersuchung der Auswirkungen eines sich dynamisch entwickelnden Abflusssystems auf die
Gletscherbewegung und die räumliche und zeitliche Verteilung der glazialen Erosion.

In dem hier dokumentierten modell-basierten Ansatz wurde davon ausgegangen, dass die Erosion des
Gletscherbetts auf die direkte Einwirkung des Gletschers (Abrasion und Detraktion) zurückzuführen
ist. Obwohl die Bedeutung des subglazialen Schmelzwassers für Korrasion10 und Abtransport des
erodierten Materials zunehmend erkannt wird, werden diese Prozesse in Erosionsmodellierungen
gewöhnlich vernachlässigt. Deshalb konnte diese Modellierstudie keine direkte Prognose der glazialen
Erosion für die Zukunft geben. Sie ist jedoch Voraussetzung für eine bessere Eingrenzung der
Erosionsraten, die im Zusammenhang mit instationären hydrologischen Bedingungen an der
Gletschersohle stehen. Die Simulation von Erosion und Sedimenttransport durch glaziofluviale
Prozesse ist ein logischer nächster Schritt. Ein gutes Verständnis und eine realistische Beschreibung
der Gletscherhydrologie bildet eine Grundlage für zukünftige Modellierstudien, in denen die
Eisfliessdynamik durch Berücksichtigung von hydrologischen Prozessen an der Gletschersohle mit
glazialer Erosion gekoppelt wird.

8

z.B. Hermann, F., Beaud, F., Champagnac, J.D., Lemieux, J.M. & Sternai, P. (2011): Glacial hydrology and erosion
patterns: a mechanism for carving glacial valleys. Earth and Planetary Science Letters, 310(39), 498-50; Egholm, D.L.,
Pedersen, V.K., Knudsen, M.F. & Larsen, N.K. (2012): Coupling the flow of ice, water, and sediment in a glacial
landscape evolution model. Geomorphology, 141-142, 47-66.

9

Nagra (2010): Beurteilung der geologischen Unterlagen für die provisorischen Sicherheitsanalysen in SGT Etappe 2:
Klärung der Notwendigkeit ergänzender Untersuchungen. Nagra Technischer Bericht NTB 10-01.

10

Erosion des Untergrunds durch im subglazialen Schmelzwasser mittransportiertes Geschiebe.
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Summary
This report summarizes the research accomplished since the beginning of the project in January
2013. Most of the results obtained are summarized in a manuscript that was submitted to the
international peer-reviewed journal Geomorphology on 14 November 2013. The final submitted
manuscript forms the primary basis for this report and is appended below. To this we have added
two appendices: Appendix A describes an alternative cavity-based description of the distributed
drainage system and its implications for the erosion modelling summarized in the manuscript,
and Appendix B briefly summarizes a strategy that we had devised to obtain some insight into
the implications of our seasonal-scale results for long-term simulations of glacial erosion. Based
on our discussions with Urs Fischer and Wilfred Haeberli at the final project meeting in San
Francisco on 11 December 2013, it was decided that we should turn our attention to the next
phase of model development, rather than pursue long-term simulations with the existing model.
Appendix A therefore represents the bulk of what has been accomplished since the time of
submission of the interim report. Table 1 summarizes the project tasks accomplished and where
in this report the results can be found. In addition to the research conducted since the interim
report, Flavien Beaud has also presented this Nagra-funded work in two oral presentations: at
the Annual Meeting of the Northwest Glaciologists (Vancouver, Canada, October 2013) and at
the Fall Meeting of the American Geophysical Union (San Francisco, USA, December 2013).
Table 1: Tasks accomplished during project period. “Activities” reproduced from original
project proposal.
Phase
I

Activities
Implementation of erosion rules in code
Optimization of code performance/speed
Simulations with transient hydrology in base code

Section in report
Section 2.2
See Appendix B
Sections 2.1.2, 3.1, 3.3.1–3.3.2, 4.1, 4.5.1

II

Implementation of cavity-based hydrology
Simulations to compare sheet- vs. cavity-based
distributed drainage system
Simulations with different sliding laws

Appendix A
Appendix A

Simulations with erosion
Prepare report and presentation for NAGRA
Draft and submit journal article

Sections 4, 5.2, 5.3

III

Section 3.2.2, 4.2

Article submitted 14 November 2013

NAGRA NAB 14-23

IV

Abstract
Both field data and numerical modelling show that glaciations have the potential either
to enhance relief or to dampen topography. We aim to model the effect of the subglacial hydraulic system on spatio-temporal patterns of glacial erosion by abrasion and quarrying on
timescales commensurate with drainage system fluctuations (e.g. seasonal to annual). We use
a numerical model that incorporates a dual-morphology subglacial drainage system coupled
to a higher-order ice-flow model and process-specific erosion laws. The subglacial drainage
system allows for a dynamic transition between two morphologies: the distributed system,
characterized by an increase in basal water pressure with discharge, and the channelized system, which exhibits a decrease in equilibrium water pressure with increasing discharge. We
apply the model to a simple synthetic glacier geometry, drive it with prescribed meltwater
input variations and compute sliding and erosion rates over a seasonal cycle. When both
the distributed and channelized systems are included, abrasion and sliding maxima migrate
∼20% up-glacier compared to simulations with distributed drainage only. Power-law sliding
generally yields to a broader response of abrasion to water pressure changes along the flowline compared to Coulomb-friction sliding. Multi-day variations in meltwater input elicit
a stronger abrasion response than either diurnal- or seasonal variations alone for the same
total input volume. An increase in water input volume leads to increased abrasion. We
find that ice thickness commensurate with ice-sheet outlet glaciers can hinder the up-glacier
migration of abrasion. Quarrying patterns computed with a recently published law differ
markedly from calculated abrasion patterns, with effective pressure being a stronger determinant than sliding speeds of quarrying rates. These variations in calculated patterns of
instantaneous erosion as a function of hydrology-, sliding-, and erosion model formulation,
as well as model forcing, may lead to significant differences in predicted topographic profiles
on long timescales.
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Introduction

Erosion rates measured or inferred in highly glaciated catchments vary over four to five orders
of magnitude (Hallet et al., 1996; Koppes and Montgomery, 2009). Accordingly, glaciated
environments can be highly erosive (e.g., Molnar and England, 1990; Hallet et al., 1996; Shuster
et al., 2005; Valla et al., 2011) or protect the pre-glacial landscape (e.g., Ferraccioli et al., 2011;
Thomson et al., 2010). Since the Pliocene, most mountain ranges worldwide have undergone
large modifications due to the action of glaciers and ice-sheets. The extent and rate of these
modifications is still highly debated, however (e.g., Molnar and England, 1990; Brozovic et al.,
1997; Herman et al., 2010; Koppes and Montgomery, 2009; Montgomery and Korup, 2010;
Steer et al., 2012; Thomson et al., 2010). The formation of large erosional features (greater than
kilometre-scale, e.g. overdeepenings and tunnel valleys), is still poorly explained, although recent
comprehensive description of such features (Dürst Stucki et al., 2010; Preusser et al., 2010; Cook
and Swift, 2012) supports the original hypothesis that subglacial water is a key control on the
initiation and evolution of an overdeepening (Hooke, 1991) or a tunnel valley (Dürst Stucki et al.,
2010). Using a numerical model of coupled ice- and water flow (Pimentel and Flowers, 2011),
equipped with erosion laws (Hallet, 1979; Iverson, 2012), we make a preliminary assessment of
the relative rates and patterns of glacial erosion on sub-seasonal to annual timescales.
It is well established that glaciers and ice-sheets erode through three main mechanisms:
abrasion, quarrying (or plucking) and the action of subglacial streams (e.g., Alley et al., 1997;
Boulton, 1974, 1979; Cohen et al., 2006; Hallet, 1979). Abrasion takes place when clasts dragged
by the overriding ice, carve grooves in the bedrock. This process is controlled primarily by the
sliding velocity (Hallet, 1979). Quarrying results from the lee-side failure of bedrock obstacles
due to stress gradients imparted by sliding (e.g., Iverson, 1991; Hallet, 1996). When ice overrides
an obstacle, a lee-side cavity can form and the deviatoric stresses in the bedrock increase on the
stoss side. This stress gradient can be accentuated by water pressure fluctuations in the cavity.
Increasing water pressure enlarges the cavity, both by lifting the roof and enhancing sliding,
thus reducing the contact area; when the water pressure drops, local deviatoric stresses in the
bed then increase dramatically (Cohen et al., 2006; Hallet, 1996; Iverson, 1991). If, in addition,
cracks are present on the stoss side or top of the obstacle, the obstacle will experience fatigue
and may eventually fracture. A positive feedback can arise if the cracks are sufficiently small
that their hydraulic conductivity is low compared to that of the subglacial drainage system. In
such a case, cracks can sustain high water pressures even when the cavity is drained, enhancing
the fatigue of the step (Cohen et al., 2006; Iverson, 1991).
The role of subglacial streams is often treated as being limited to flushing sediments from the
ice-bedrock interface (e.g., Alley et al., 1997; Riihimaki et al., 2005; Humphrey and Raymond,
1994). These streams, however, are known to have a significant effect on the dissolution of
highly water-soluble bedrock (Walder and Hallet, 1979). Moreover, they may have an even
greater erosive power and higher flushing efficiency than subaerial rivers due to the high water
pressures that can be achieved subglacially (Alley et al., 1997). Creyts et al. (2013) apply
sediment transport equations to a subglacial drainage system formulated as a macroporous
sheet (Creyts and Schoof, 2009) and show that strong diurnal cycles in water input enhance
sediment transport efficiency. Despite the potential importance of subglacial streams to overall
glacial erosion, we reserve their treatment for future study and focus exclusively on abrasion
and quarrying here.
To date, studies employing numerical models of glacial erosion almost exclusively use the
abrasion law developed by Hallet (1979), in which the abrasion rate is proportional to the sliding
velocity raised to a power equal to or greater than one (e.g., Anderson, 2005; Egholm et al.,
2009; Herman and Braun, 2008; MacGregor et al., 2000; Tomkin and Braun, 2002). Some efforts
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have been made to add a parameterization of the bedrock slope to the aforementioned law in
order to simulate quarrying (e.g., Egholm et al., 2012; MacGregor et al., 2009), but few studies
include a process-based plucking law (e.g., Hildes et al., 2004). In nearly all the literature,
therefore, both abrasion and quarrying are proportional to sliding speed.
Sliding of an ice mass is highly influenced by the basal water pressure (e.g., Iken, 1981; Müller
and Iken, 1973; Lliboutry, 1976), which in turn is jointly controlled by the rate of water influx to
the bed and the morphology of the drainage system (e.g., Iken, 1981; Nienow et al., 1998). When
the drainage system is “distributed” (e.g., Fountain and Walder, 1998), water flow is relatively
slow and the water pressure rises with increasing input. Different formulations have been
proposed to described a distributed drainage system, including flow through subglacial till (e.g.,
Clarke, 1987), a network of linked cavities (e.g., Lliboutry, 1976; Kamb, 1987) or a macroporous
sheet with laminar (e.g., Flowers and Clarke, 2002) or turbulent flow (e.g., Creyts and Schoof,
2009). In contrast, a “channelized” drainage system transports water through a network of
Röthlisberger (R)-channels, Nye (N)-channels or canals (Nye, 1976; Röthlisberger, 1972; Walder
and Fowler, 1994). The most commonly used conceptual model is that of a network of Rchannels, which at equilibrium exhibits a decrease in water pressure with increasing discharge.
The transition between the distributed and channelized drainage systems is responsible for the
up-glacier migration and eventual termination of the “spring speed-up event” observed at the
onset of the melt-season in many glaciers (e.g., Iken and Bindschadler, 1986; Mair et al., 2003;
Anderson et al., 2004; Bartholomaus et al., 2007; Fischer et al., 2011).
Numerical modelling of the dynamic transition between distributed and channelized subglacial drainage systems is still nascent (Flowers et al., 2004; Flowers, 2008; Kessler and Anderson, 2004; Pimentel and Flowers, 2011; Schoof, 2010; Werder et al., in press; Hewitt et al.,
2012; Hewitt, 2013) with the coupling to ice flow rarely included (c.f. Arnold and Sharp, 2002;
Pimentel and Flowers, 2011; Flowers et al., 2011; Hewitt, 2013). Attempts to include the role of
subglacial hydrology in erosion models have thus far been limited to treatments of distributed
drainage (Egholm et al., 2012; Herman et al., 2011; MacGregor et al., 2009), largely due to
the complexity of combining drainage system types and the computational burden of representing processes varying on highly disparate timescales. However, the models above have been
successful in demonstrating a role for hydrology in the formation of overdeepenings (Herman
et al., 2011; Egholm et al., 2012) as originally suggested by Hooke (1991), even with simple
representations of the drainage system.
Here we take a first step in exploring the potential influence of a dual-morphology subglacial
drainage system on modelled patterns of glacial erosion. We employ the hydrologically-coupled
two-dimensional model of Pimentel and Flowers (2011) which integrates a higher-order flowband
representation of ice dynamics (Blatter, 1995; Pattyn, 2002) with both distributed and channelized subglacial drainage (Flowers, 2008). The model returns the sliding and water pressure
patterns, which enable us to calculate erosion rates through process-specific laws: abrasion as
formulated by Hallet (1979) and quarrying as recently derived by Iverson (2012). We restrict
our investigation to examining instantaneous erosion rates with a stationary glacier geometry,
in order to isolate the influence of the melt season and glacier hydrology, on seasonal patterns
of erosion. In a first set of experiments, we explore the influence of the representation of basal
drainage and sliding on calculated erosion by comparing (1) distributed-only to distributed and
channelized drainage systems, and (2) Coulomb-friction sliding to the traditional (Weertmantype) sliding law. In a second set of experiments, we examine the model response to changes in
the frequency, amplitude and total volume of meltwater forcing, with the aim of determining
whether sub-annual fluctuations in glacier hydrology and dynamics are important for erosion
modelling (c.f. Herman et al., 2011). We also touch on the role of glacier size to highlight
differences between glacier- versus ice-sheet-scale problems.

3
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Methods

Model governing equations for ice dynamics and subglacial drainage are presented below, including boundary and initial conditions, followed by the implementation of erosion laws in the
model. The strategy is then outlined to define the model tests.

2.1
2.1.1

Ice and water flow
Ice flow

Egholm et al. (2011) demonstrate the importance of the implementation of membrane stresses
(lateral and longitudinal) in modelling the flow and erosion of valley glaciers. The implementation of subglacial hydrology can lead to large gradients in effective pressure, and thus sliding
velocity (e.g., Pimentel and Flowers, 2011), reinforcing the need for membrane stresses. Accordingly, we use the common Stokes flow approximation from Blatter (1995) and Pattyn (2002),
rather than the extensively used “shallow-ice approximation”. Readers interested in the model
details are referred to Pimentel and Flowers (2011) and Pimentel et al. (2010). The conceptual
model for ice- and water flow is illustrated in Fig. 1, with variables defined in Tab. 2.
Writing the momentum balance according to Blatter’s (1995) model, i.e. assuming cryostatic
conditions, both the acceleration term and the vertical stress gradients can be neglected. Including a parameterization of lateral drag (Pimentel et al., 2010; Pimentel and Flowers, 2011),
the horizontal stress balance can be written
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with u = u(x, z) the horizontal velocity, uL = uL (x, z) the velocity along the valley walls, W
the flow-unit half-width, hi (x) the ice thickness, ρi the density of ice, g the acceleration due
to gravity and x and z respectively the horizontal and vertical coordinates. The strain-ratedependent viscosity ν(x, z) is
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where A is the flow-law coefficient, n = 3 the flow-law exponent (Glen, 1955) and ˙0 a constant
to prevent vanishing strain rates at the surface (Meier, 1958). A no-stress boundary condition is
applied at the ice surface and a Coulomb-friction (Gagliardini et al., 2007; Schoof, 2005) sliding
law forms the basal boundary condition.
In the sliding law initially suggested by Weertman (1964) and later corrected for effective
pressure (here defined as the ice overburden pressure minus the water pressure: N = pi − ps )
(e.g., Bindschadler, 1983; Budd et al., 1979), the sliding velocity is proportional to the basal
shear stress τb and the inverse of the effective pressure:
ub = Cs τb p /N q ,

(3)

where Cs , p and q are empirical constants. When using this “Weertman-type” law to describe
sliding, along with a model of subglacial hydrology, two issues arise: (1) ub → ∞ when N → 0
leading to a singularity, and (2) τb increases monotonically with ub (c.f. Iken, 1981). To prevent
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Figure 1: Conceptual model for ice and water flow (modified from Flowers (2008)). The distributed drainage system is represented by a macroporous sheet of critical thickness hsc and
width ws carrying a discharge Qs = qs ws . The channelized system is represented by a system
of parallel semi-circular R-channels with a latent spacing dc and each carrying a discharge Qc .
The exchange rate between sheet and channels is φs:c . Broken lines in the upper part of the bed
represent incipient channels whose cross-sectional area corresponds to the vestigial size S . The
glacier has a thickness hi (x), and ice flow includes basal sliding ub and deformation. Stresses
included in the momentum balance are shown in black (σxx , σxz and σzz ) and those resulting
from the parametrization of the lateral extent in grey (σyy and σxy ).

this monotonic increase in τb , one can use a regularized Coulomb-friction law (Schoof, 2005;
Gagliardini et al., 2007):

1/n
ub
τb = C
N,
(4)
ub + C n N n As
with C = 0.84 × mmax a constant related to bed roughness, mmax the maximum slope of a
bed obstacle and As Glen’s flow law parameter corrected for the shape of bedrock obstacles
(Gagliardini et al., 2007):

As = Aλmax

−0.00002 + 0.013r + 0.0262r2
.
r2

(5)

Here λmax and r = r(λmax , mmax ) are, respectively, the wavelength and roughness of the bed.
The use of such a law is motivated by the fact that the maximum theoretical resistance produced
by the bed, and hence the maximum shear stress, is dictated by the maximum slope of bedrock
obstacles. When sliding speed and water pressure are sufficiently high, cavities form on the
lee side of bedrock obstacles. With enhanced water pressure, cavities grow until a threshold is
reached where they engulf the maximum slopes of bed obstacles. This then leads to a decrease
in basal shear stress while the sliding speed continues to rise.
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Table 2: Model variables
Symbols Names
General
hi
N
pi
t
x
z
zb
zs
Ice
As
u
ub
ni
ν
τb
σij
σn
Water
b˙s
b˙c
fR
hs
hs:c
pc
ps
ps:c
Pw
qs
Qc
Rc
RH
S
φs:c
ψc
ψs
Erosion
e˙a
e˙q
F
P
sbc
εėa
0
σbed

Ice thickness
Effective pressure
Ice overburden pressure
Time
Horizontal coordinate
Vertical coordinate
Elevation of glacier bed
Elevation of glacier surface

Units
m
Pa
Pa
s
m
m
m
m

Ice flow-law coefficient corrected for bed roughness Pa−3 s−1
Horizontal velocity
m a−1
Sliding velocity
m a−1
Unit vector normal to the surface
Strain rate-dependent viscosity of ice
Pa s
Basal shear stress
Pa
Stress tensor
Pa
Bed-normal stress
Pa
Source term to sheet system
Source term to channel system
Darcy-Weisbach roughness coefficient
Water-sheet thickness
Water-sheet thickness at sheet-channel interface
Water pressure in channels
Water pressure in the sheet
Water pressure at sheet-channel interface
Wetted perimeter of channels
Water flux in the sheet
Channel discharge
Channel radius
Hydraulic radius of channels
Channel cross-sectional area
Sheet–channel water exchange rate
Fluid potential in channels
Fluid potential in the sheet

m s−1
m s−1
m2/3 s−2
m
m
Pa
Pa
Pa
m
m2 s−1
m3 s−1
m
m
m2
m s−1
Pa
Pa

Abrasion rate
Quarrying rate
Contact force between a clast and bedrock
Probability of bedrock step failure
Length of basal cavities
Excess of abrasion due to the melt-season
Deviatoric stress in the bed

m a−1
m a−1
Pa
m
Pa
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Water flow

The conceptual model of water flow is illustrated in Fig. 1. Water flow through the channelized
drainage system is assumed to occur in saturated R-channels (Röthlisberger, 1972; Nye, 1976).
Discharge in an individual channel is given by (Röthlisberger, 1972):

1/2
8S 3
∂ψc ∂ψc −1/2
Qc = −
,
(6)
Pw ρw fR
∂x ∂x
with S the channel cross-sectional area, Pw = (π + 2)Rc the wetted perimeter, Rc the radius
1/3
of the channel, fR = 8gn0 /RH the Darcy-Weisbach roughness as a function of the Manning
roughness n0 , RH = πRc /(2π + 4) the hydraulic radius, x the coordinate along water flow,
ψc = pc + ρw gzb the fluid potential in the channels, pc the water pressure in the channel and
zb (x, y) the elevation of the bed. R-channels enlarge by melting through viscous heat dissipation
from the turbulent water flow to the channel walls, and close by ice creep (Röthlisberger, 1972).
Their evolution in time is derived using the principle of mass conservation for water in the
channels and ice, and leads to the following partial differential equations for channel crosssectional area S (Nye, 1976) and water pressure (Clarke, 2003):
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− b˙c + φs:c
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(8)

with L the latent heat of fusion of ice, ct the pressure melting coefficient, cw the heat capacity of
water, A the flow-law coefficient, n Glen’s flow law exponent, γ a compressibility parameter to
prevent numerical stiffness (Clarke, 2003), dc a latent channel spacing, b˙c a source term directly
to the channel system and φs:c a source term arising from the exchange between distributedand channelized drainage systems (elaborated below).
For distributed flow through a porous sheet (e.g., Creyts and Schoof, 2009; Flowers and
Clarke, 2002), or through a network of cavities (e.g., Kamb, 1987; Schoof et al., 2012), mass
continuity reads:
∂hs
QG
+ ∇ · qs =
+ b˙s − φs:c ,
(9)
∂t
ρw L
with hs the areally-averaged water volume or equivalent sheet thickness, qs the water flux
through the sheet or cavity network, QG the geothermal flux, ρw the density of water and b˙s a
direct source term to the sheet.
Here we assume that water flows through a macroporous sheet with the flux described by
(e.g., Flowers and Clarke, 2002; Clarke, 1996):
qs = −

Ks hs ∂ψs
,
ρw g ∂s

(10)

with Ks the hydraulic conductivity of the sheet or cavity system, ψs = ps + ρw g zb the fluid
potential and ps the water pressure in the sheet. We adopt the sheet pressure parametrization
of Flowers and Clarke (2002): ps = pi (hs /hsc )k , where pi is the ice overburden pressure, hsc a
critical sheet thickness and k is an adjustable exponent. The coupling between the sheet and
channel systems is expressed in terms of a rate of water exchange that depends on the fluid
potential gradient between the two systems (e.g., Flowers, 2008):
φs:c = χs:c

Ks:c hs:c
(ps − pc ) ,
ρw g dc 2

(11)
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Figure 2: Parabolic ice geometries used in simulations. The reference geometry is shown in
black (400 m maximum thickness, 10 km long), a thin glacier in light grey (300 m maximum
thickness, 10 km long) and an ice-sheet outlet-glacier in dark grey (1000 m maximum thickness,
50 km long).
where χs:c is an exchange coefficient. Quantity hs:c is calculated by inverting ps (hs ) above
with ps:c = max(ps , pc ) and substituting ps = ps:c , hs = hs:c . Mass conservation in the
system requires that the effective width ws of the distributed system be specified, along with
the channel density per unit width nc or latent channel spacing dc = 1/nc . The treatment
above permits different pressures in the distributed and channelized systems and parameterizes
water exchange as a function of these pressure differences. In contrast, the finely resolved twodimensional network structure of the channelized system in Hewitt (2013) and Werder et al.
(in press) motivates the enforcement of a uniform pressure between channel segments and the
adjacent sheet. In their formulation of the numerical model (Hewitt, 2013; Werder et al., in
press), the exchange between sheet and channels need not be explicitly calculated as it is here.
2.1.3

Initial and boundary conditions

The basal boundary condition for ice flow ub (x, t) is dictated by the Coulomb friction law
(Eq. 4) (Gagliardini et al., 2007; Schoof, 2005), with no sliding permitted at the upstream
end of the domain: ub (x = 0, t) = 0. At the ice surface a stress-free boundary is assumed
σij (z = hi , t)nj = 0, where nj is the unit vector. On the valley walls a no slip condition is
applied: uL (x, z) = 0. Glacier geometry, defined by bed elevation zb (x) and ice thickness hi (x),
is prescribed and assumed not to change appreciably over the course of the annual simulations.
Water pressure in the sheet and channels at the glacier terminus is atmospheric and approximated as ps (x = L, t) = pc (x = L, t) = 0. A no-flux condition is imposed on both the sheet
and channel system at the upstream boundary: Qc (x = 0, t) = qs (x = 0, t) = 0. At the
up-stream boundary the pressure in the sheet and channel (ps,c (x = 0, t)) is free. We prescribe
∂S/∂x(x = L, t) = 0 for channel cross-sectional area at the glacier terminus. The evolution of
the subglacial drainage system and water pressure are sensitive to the system’s initial state, in
part defined by the prescribed incipient channel cross-section S . We therefore use a one-year
spin-up for the hydrology model in which ice flow is decoupled from subglacial drainage prior
to each coupled simulation. Model constants and parameters are listed in Tab. 3.

2.2
2.2.1

Erosion
Abrasion

We use the most common law for abrasion, developed by Hallet (1979), where the abrasion rate
is written:
ėa = Ca ub l ,
(12)
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where Ca serves to combine parameters such as clast and bedrock hardness and clast shape,
ub is the basal sliding speed and l is an empirical exponent often set to 1 or 2 (e.g., Anderson
et al., 2006; Herman et al., 2011; Humphrey and Raymond, 1994; MacGregor et al., 2009, 2000;
Tomkin and Braun, 2002).
2.2.2

Quarrying

Following the adhesive wear theory, Iverson (2012) developed the following law for plucking:


ub Phbs
sbc
ėq =
1−
,
(13)
2lbs
lbs
where P describes the probability of failure of the bedrock step (below), hbs is the step height,
lbs is the step wavelength and sbc is the cavity length parametrized as (Iverson and Petersen,
2011):

  
ub hbs 1/2 B n/2
sbc = 4
,
(14)
2πys
N
with the number of seconds per year ys , the effective pressure at the ice-bed contact N , the
viscosity parameter B = A−1/n in Glen’s flow law and the flow-law exponent n. The step failure
probability P follows a Weibull distribution:

 0 m 
hbs (lbs − sbc ) σbed
P = 1 − exp −
,
(15)
V0
κσ0
with V0 a characteristic rock volume large enough to contain the largest crack of the rock mass,
σ0 the Weibull scale parameter weighted by a factor κ, and m an exponent accounting for the
homogeneity of the bed. The larger the value of m the more homogeneous the bedrock. The
0
deviatoric stress in the bed, σbed
is given by (Hallet, 1996; Iverson, 2012):


1
0
σbed = c (σn − ps ) = c N
,
(16)
1 − sbc /lbs


1
where c is a scaling factor, N 1−sbc
≤ σn∗ and σn∗ is the stress threshold at which ice
/lbs
crushes. This parameterization requires the assumption that the stresses in the bed are averaged
over the whole ice-bedrock contact area. Note that the deviatoric stress in the bed cannot be
calculated directly from the ice model as bridging stresses are neglected (in making the cryostatic
assumption) and the model is not resolved at the scale of individual cavities. A consequence
of this law is the bounding of the quarrying ėq for a given step size (Iverson, 2012). When a
cavity grows to the point that it engulfs a given step, quarrying is prevented as the step becomes
drowned.
2.2.3

Erosion law parameters

The value of the abrasion law exponent is usually taken as l = 1 (e.g., Egholm et al., 2009;
Herman and Braun, 2008; MacGregor et al., 2000) or l = 2 (e.g., Egholm et al., 2012; MacGregor
et al., 2009), although Harbor (1992) suggested a range from 1 to 4. Hallet’s (1979) model could
be interpreted as taking l = 2 through the dependence of both particle flux and contact force
on sliding speed. We use l = 1 for most of the simulations in order to err on the side of caution
when evaluating the influence of basal hydrology on modelled erosion. Following Iverson (2012)
we present quarrying rates for bedrock steps that have a length-to-height ratio of 10. We use
five different step sizes with lengths varying from 1-20 metres and set m = 3, the central value
used in the tests by Iverson (2012). Values of erosion parameters are given in Tab. 3.
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Table 3: Model constants and parameters
Symbols
General
n
ρw
ρi
A
hξf
W
ys
Ice
C
Cs
mmax
r
uL
˙0
λmax
Water
ct
cw
dc
hsc
Ks
L
n0
q
QG
S
ws
δH
γ
χs:c
Erosion
b
B
c
Ca
hbs
l
lbs
m
V0
σ0
σn∗
κ

Names

Values

Units

Glen’s flow-law exponent
Water density
Ice density
Ice flow-law coefficient
Horizontal grid cell length
Flow band half-width
Number of seconds in one year

3
1000
910
2.4 × 10−24
200–1000
0.5–1.0
31556926

kg m−3
kg m−3
Pa−3 s−1
m
km
s a−1

Bed roughness constant
Power law sliding constant
Maximum slope of bed asperities
Roughness of a sinusoidal bed
Horizontal velocity along valley walls
Constant for vanishing strain rates
Specific wavelength of the bed

0.84 × mmax
2.5 × 10−9
0.25–0.45
r ∝ mmax /(2π)
0
10−30
8–12

m a−1 Pa−p+q
m a−1
a−1
m

Pressure melting coefficient
Specific heat capacity of water
Latent channel spacing
Critical sheet thickness
Hydraulic conductivity
Latent heat of fusion
Manning roughness of channel
Water pressure exponent
Geothermal flux
Vestigial cross-sectional area
Width of the sheet
Hydrology time step
Numerical compressibility parameter
Sheet-channel coupling coefficient

9.8 × 10−8
4.22 × 103
1–2
0.35–2.0
0.027–0.07
3.35 × 105
0.032
7/2
0.07
2 × 10−2
1–2
600
10−9
1

K Pa−1
J kg−1 K−1
km
m
m s−1
J kg−1
Pa
W m−2
m2
km
s
Pa−1
-

Empirical exponent for the contact force F
Viscosity parameter (B = A−1/n )
Scaling factor
Abrasion scaling constant
Height of bedrock step
Abrasion law exponent
Length of bedrock step
Quarrying law exponent
Characteristic rock volume
Weibull scale parameter
Stress threshold for ice crushing
Weighting factor

73.3 × 106
0.1
5 × 10−5
0.1–2.0
1–3
1–20
3
10
10
10
0.33

Pa s1/3
m1−l al−1
m
m
m3 m−1
MPa
MPa
-
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Strategy

The simulations we present comprise two experiments: one in which we explore the effects of
model formulation in terms of drainage system representation and the choice of sliding law,
and a second in which we examine the role of model forcing in terms of water input fluctuation
frequency and amplitude, total water input volume and changes in ice geometry (Tab. 4). In
keeping with our focus on the influence of sub-seasonal to annual glacier processes, we confine our
presentation to instantaneous erosion rates calculated under the above conditions. We do not
evolve the surface or bed geometry during the course of the simulations. To isolate the influence
of the melt-season through the incorporation of hydrology into the model, we introduce a metric
to quantify the erosion excess attributable to the melt-season and its attendant processes. We
define excess erosion, εė (x), as:
R
R dry
(x)
yr ė(x) − yr ė
R
εė (x) =
,
(17)
yr ė(x)
R
with yr ė(x) the erosion rate integrated over one model year for any given simulation, and
R dry
(x) the erosion rate integrated over one model year for the equivalent simulation without
yr ė
hydrology and with N = pi − 0 in either sliding law (Eqs. 3 and 4). The quantity ė could
represent abrasion, quarrying or their sum, depending on the application.

3.1

Reference model configuration

Unless otherwise noted, the simulations presented use a static parabolic ice surface resting on
a flat bed (Fig. 2). Water impinges on the distributed drainage system during a four-month
“summer” period, where the water input rate is prescribed as a diurnal sinusoid superimposed
on a seasonal sinusoid (Fig. 3, black line). This forcing function is not meant to be realistic, but
rather to test the response of the system to forcings with clearly established amplitudes and
frequencies inspired by natural processes. The prescribed water input rate varies as a function of
ice-surface elevation (Fig. 4, black line); no account is taken of supraglacial or englacial drainage
(c.f. Flowers and Clarke, 2002), so the water input rate can be thought of as the fraction of
surface meltwater that reaches the glacier bed. No surface water input is prescribed during the
eight-month “winter”. We include both distributed and channelized drainage in the reference
model (Eqs. 6–11), and for simplicity we assume the latent channel spacing dc is identical to
the width of the distributed system ws (and the glacier itself). This restriction is not required
by the model formulation. The Coulomb friction law (Eq. 4) is used to describe sliding in the
reference model, and the glacier bed is assumed to be sufficiently clean for erosion to take place;
sediments are assumed to be removed instantaneously. See Tab. 3 for model constants and
parameters.

3.2
3.2.1

Formulations of subglacial hydrology and sliding
Drainage system morphology

These simulations are designed to compare the influence of hydrology on erosion as a function of
the model representation of the drainage system. We first employ the distributed system alone
(SH ref; Eqs. 9–10), and compare this with the interacting distributed- and channelized systems
(SC ref; Eq. 6–11). To facilitate model comparisons, we hold the bed characteristics (mmax and
λmax in the Coulomb friction law) fixed for these simulations. Due to the differences in model
physics, the sheet transmissivity (hsc Ks ) varies but is tuned to produce a similar melt-season
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Figure 3: Sub-seasonal modulation of the water input to the bed (ḃs ), with magnitude normalized to conserve total volume over the four-month melt-season. The sinusoidal baseline
(S) is modulated with sinusoids of different frequencies. Nomenclature: S = Seasonal (black
dot-dashed), SD = Seasonal + Diurnal (black), S2D = Seasonal + Diurnal with a doubled
amplitude compared to SD (light grey), SW = Seasonal + Weekly (light grey dashed), SWD
= Seasonal + Weekly + Diurnal (grey). Each forcing is shown for only a fraction of the melt
season here for clarity, but is applied over the entire 120-day period in a simulation.
acceleration. We use this comparison to assess and discuss the importance of integrating a
channelized drainage system in glacial erosion models.
3.2.2

Sliding law

To date, models of landscape evolution almost uniquely use a power law for sliding (with
p = 3 and q = 1, Eq. 3) whether or not hydrology is considered. We investigate this choice by
comparing the reference simulations (SC ref & SH ref), which use a Coulomb friction law, to
simulations SC PLS and SH PLS (Tab. 4), which employ power-law sliding instead.
SC_ref

Normalized
input rate

1

SC_VolUp15
SC_VolUp10
SC_VolUp5

SC_VolDwn5
SC_VolDwn10

0.5

0
0

2

4
6
Distance along the bed (km)

8

10

Figure 4: Longitudinal profile of the normalized water input rate. An increase or decrease in
the total volume of water in the simulations is accomplished by shifting the reference profile
(solid black) up or down by increments of 5% with a maximum of +15% (dashed dark grey)
and minimum of −10% (dashed light grey).

3.3
3.3.1

Changes in model forcing and geometry
Frequency and amplitude of water input fluctuations

The timesteps required to resolve seasonal to sub-seasonal processes in models of landscape
evolution are prohibitive. Glacier seasonal cycles are therefore usually neglected (e.g., Egholm
et al., 2012). Hewitt (2013) found only small differences in modelled ice velocity patterns
between simulations forced with a seasonal sinusoid versus one including diurnal modulation;
this difference increased when a more realistic forcing was tested.
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Simulation
SH ref
SC ref

Purpose
Reference
Reference

Hydrology
Sheet only
Sheet & channels

Frequency
SD
SD

hsc (m)
0.5
0.35

Ks (m s−1 )
0.067
0.027

SH PLS
SC PLS

Power law sliding
Power law sliding

Sheet only
Sheet & channels

SD
SD

0.5
0.35

0.067
0.027

SC
SC
SC
SC
SC
SC
SC
SC
SC
SC
SC

Forcing frequency
Forcing frequency
Forcing frequency
Forcing frequency
Forcing amplitude
Forcing amplitude
↑ meltwater volume
↑ meltwater volume
↑ meltwater volume
↓ meltwater volume
↓ meltwater volume

Sheet
Sheet
Sheet
Sheet
Sheet
Sheet
Sheet
Sheet
Sheet
Sheet
Sheet

S
SD
SW
SWD
SD
S2D
SD
SD
SD
SD
SD

0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35

0.027
0.027
0.027
0.027
0.027
0.027
0.027
0.027
0.027
0.027
0.027

0.45
0.45
0.45
0.45
0.3
0.3
0.45
0.45
0.45
0.45
0.45

12
12
12
12
12
12
12
12
12
12
12

Ice-sheet-like geometry
Thin glacier geometry

Sheet & channels
Sheet & channels

SD
SD

2
0.5

0.07
0.075

0.45
0.4

12
8

S
SD
SW
SWD
SD amp
S2D
VolUp5
VolUp10
VolUp15
VolDwn5
VolDwn10

SC IS
SC TG

&
&
&
&
&
&
&
&
&
&
&

channels
channels
channels
channels
channels
channels
channels
channels
channels
channels
channels

mmax
0.25
0.25

λmax (m)
12
12

Cs = 2.5 × 10−9
Cs = 2.5 × 10−9

Table 4: Summary of simulations. Model nomenclature: SH = Sheet only; SC = Sheet and Channel; ref
= reference run, PLS = Power Law for Sliding; IS = ice-sheet-like geometry; TG = Thin Glacier. Forcing
nomenclature: VolUp15 = 15% increase in meltwater volume; VolUp10 = 10% increase in meltwater volume;
VolUp5 = 5% increase in meltwater volume; VolDwn5 = 5% decrease in meltwater volume; VolDwn10 = 10%
decrease in meltwater volume; S = Seasonal, W = Weekly, D = Diurnal, 2D = Diurnal with twice the amplitude
compared to D (Fig. 3). Key model parameters are tabulated for the drainage system (hsc , Ks ) and the sliding
law (mmax , λmax for Coulomb friction and Cs for power-law sliding).

In order to assess the validity of averaging or omitting sub-seasonal variations in water
input when driving models over longer timescales, we test the model response to varying water
input. Various forcings are constructed by superimposing fluctuations of different frequency
and amplitude on the seasonal sinusoid (Fig.3). The bed characteristics (mmax and λmax ) for
the Coulomb friction law and the transmissivity (hsc Ks ) of the sheet are held constant in each
test to permit a fair comparison (Tab. 4). Seasonal and diurnal frequencies were chosen on the
basis of natural observed fluctuations of melt-rates. Six-day-period fluctuations (referred to as
weekly for convenience) were introduced as a test of intermediate variability inspired by, for
example, synoptic weather variations. We also compare simulations with variable amplitude
fluctuations (see Fig. 3 and Tab. 4). All of the above tests conserve the total volume of water
input to the drainage system during the melt season.
3.3.2

Total volume of water input

Glaciers are likely to be more erosive during phases of retreat than advance, owing to the
increased volume of available meltwater potentially reaching the bed (e.g., Koppes and Hallet,
2002, 2006). Though we restrict ourselves to seasonal simulations here, we conduct a test to
mimic modest increases or decreases in water input that might be associated, respectively, with
glacier retreat or advance. The prescribed water input profiles are shown in Fig. 4 and are
modulated in time using the reference Seasonal + Diurnal (SD) forcing (Fig. 3). Other model
parameters are again held constant. Simulations cover a shift in the prescribed profile from
−10% (SC VolDwn10) to +15% (SC VolUp15) in increments of 5%.
3.3.3

Ice thickness

Hallet et al. (1996) suggest that large glaciers tend to erode more efficiently than small ones.
The extent to which ice-sheet outlet glaciers exhibit seasonal behaviour similar to their smaller
cousins is in the process of being defined by current research (e.g., Bartholomew et al., 2011;
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Meierbachtol et al., 2013). To investigate the role of ice thickness in a very simple experiment,
we apply the reference forcing to the glacier geometries in Fig. 2. The large differences in ice
thickness require simulation-specific model tuning (Tab. 4). Provided a seasonal cycle exists in
each simulation, these variations in tuning do not substantially alter the pattern of calculated
erosion. We are therefore able to compare patterns of normalized erosion rate between simulations. Identical water input profiles are applied to the reference glacier geometry (SC ref)
and to the ice-sheet outlet-glacier geometry (SC IS), yielding identical rates of water input as
a function of normalized flowline distance between these two simulations. Identical water input
functions are used for the reference and “thin-glacier” (SC TG) cases, yielding 1.7 times greater
total water input volume for the thin glacier given its lower surface elevation. The width of
the thin and reference glaciers is 1 km (i.e. ws /2 = W = 500m) and that of the ice-sheet outlet
glacier is 4 kilometres (i.e. ws /2 = W = 2000m).
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Results

We focus our analysis on the patterns of erosion, rather than the absolute rates, as the former
are less sensitive to poorly-constrained parameter values and therefore offer a more robust basis
for comparison between simulations. For our default choice of l = 1 in the abrasion law (Eq. 12),
abrasion patterns precisely mimic sliding patterns; we therefore omit sliding patterns from the
presentation.

4.1
4.1.1

Effects of drainage system morphology
Sheet only (SH ref )

The introduction of subglacial hydrology with a distributed system (sheet) only (Eqs. 9 –10)
permits the simulation of a seasonal cycle in sliding speed when forced with Seasonal + Diurnal
(SD) meltwater input (Fig. 3, black line). This spring speed-up is concentrated between kilometres 6 and 10 along the flowline (Fig. 5, grey shading) and has a duration of ∼30 days in the
simulation. With increasing water input to the bed, the water pressure increases, thus lowering
the effective pressure and leading to enhanced sliding and abrasion rates (Fig. 5). Abrasion
rates, which directly reflect sliding patterns, show more than a three-fold increase at 8 km along
the flowline (Fig. 5a), where water input is sufficient to produce low effective pressure at the
bed (Fig. 5c). The maximum abrasion rate is reached 9 days after the maximum rate of water
input, which peaks on day 60 of the simulation (Fig. 3). The combination of sheet transmissivity
(Ks hsc ) and water input rate lead to a maximum in subglacial storage (hs ) around day 69 of
the simulation.
Quarrying rates decrease during the period of enhanced sliding in this simulation (Fig. 5b),
instead responding more strongly to effective pressure (Fig. 5c). Although sliding speed is
positively correlated with quarrying rates (Eqs. 4 , 13–16), the relative importance of sliding
speed remains modest compared to that of effective pressure. The drop in effective pressure of
about an order of magnitude between the winter background and the time of maximum sliding
leads to a large decrease in the deviatoric stress in the bed σdbed (Eq. 16). In addition, the
speed-up enables other feedbacks that act to decrease quarrying rates in this model (Eq. 13):
when the length of a cavity increases, the volume of quarried rock decreases, and the area of
ice-bed contact is reduced thus lowering the probability of step failure (Eqs. 13, 15, 16). This
result contrasts with the notion that quarrying should be more efficient in areas of large sliding
and abundant water (e.g., Cohen et al., 2006; Hooke, 1991; Iverson, 1991).
4.1.2

Sheet and channels (SC ref )

The introduction of channelized drainage in the model (Eqs. 6–11) elicits qualitatively distinct
behaviour from the distributed system alone (Fig. 6). The abrasion rate maximum migrates upglacier over time, with the position of the seasonal maximum abrasion rate being ∼2 kilometres
further up-glacier than in the sheet-only simulation (c.f. black lines in Fig. 6a and Fig. 5a).
Accordingly, the effects of the spring transition are most pronounced between km 4 and 8
along the flowline (Fig. 6a, grey shading), rather than near the glacier terminus as in SH ref.
The duration of the speed-up is also shorter in this case: ∼20 rather than ∼30 days. The
migration of the abrasion maximum, as well as the more limited duration of the spring speedup, is a consequence of the development of channelized drainage. Where the distributed system
dominates, effective pressure decreases with water input; when a channel begins to form, water
is drawn out of the sheet, thus increasing the effective pressure in the system (Fig. 6c). The
lowest effective pressures in simulation SC ref occur just upstream from the incision point of the
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Figure 5: Profiles of normalized abrasion rate, normalized quarrying rate and basal effective
pressure during the seasonal sliding enhancement in sheet-only simulation SH ref; (a) Abrasion
rates ėa for l = 1; (b) Quarrying rates ėq for m = 3; (c) Effective pressure N = pi − ps .
Lines are snapshots corresponding to different sliding phases (day number during melt season
in legend): increasing sliding (solid grey), maximum sliding (solid black), decreasing sliding
(dot-dashed grey) and winter background (dotted). Shading highlights region most affected by
spring “speed-up”.
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Figure 6: Profiles of normalized abrasion rate, normalized quarrying rate, basal effective pressure
and channel cross-sectional area during the seasonal sliding enhancement in coupled sheetchannel simulation SC ref; (a) Abrasion rates ėa for l = 1; (b) Quarrying rates ėq for m = 3;
(c) Effective pressure N = pi − ps ; (d) Cross-sectional channel area S. Lines are snapshots
corresponding to different sliding phases (day number during melt season in legend): increasing
sliding (solid grey), maximum sliding (solid black), decreasing sliding (dot-dashed grey) and
winter background (dotted). Shading highlights region most affected by spring “speed-up”.
Note the retreat of the abrasion peak compared to SH ref in Fig. 5 due to channel formation.
The effective pressure minimum is located just up-stream from the channel head.
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Figure 7: Profiles of normalized abrasion and quarrying rates during the seasonal sliding enhancement in the coupled sheet-channel simulation SC PLS; (a) Abrasion rates ėa for l = 1;
(b) Quarrying rates ėq for m = 3. Lines are snapshots corresponding to different sliding phases
(day number during melt season in legend): increasing sliding (solid grey), maximum sliding
(solid black), decreasing sliding (dot-dashed grey) and winter background (dotted). Shading
highlights region most affected by spring “speed-up” in the reference simulation SC ref and is
shown here for comparison. Note that enhanced abrasion rates are no longer limited to the
shaded area as in Fig. 6.

headward-growing channel (Fig. 6d). In SC ref, the abrasion rate exhibits a ∼ 5-fold increase
relative to the winter background value, greater than that in the distributed-only case. This
result is partly a function of the different transmissivities used in SH ref versus SC ref. The
implementation of a distributed-only system to describe subglacial drainage necessitates a higher
effective transmissivity (e.g., Flowers, 2008) (see values in Tab. 4), allowing a more prolonged
increase in subglacial storage and a delay in the maximum sliding and abrasion rates (day 69
in SH ref, Fig. 5a versus day 46 in SC ref, Fig. 6a).
In contrast to abrasion, quarrying patterns in Fig. 6b are similar to those in Fig. 5b. Small
perturbations in quarrying rates appear at high sliding speeds (Fig. 6b), because the sliding
speeds obtained lead to elongated cavities (Eq. 14) that begin to engulf the bedrock steps.
When a step is nearly drowned, the deviatoric stress in the bed (Eq. 16) increases enough to
produce a small peak in the quarrying rate (Eqs. 13 and 15). These peaks occur on either side
of the region of maximum sliding, and are of a discrete nature in Fig. 6b because the conditions
above are obtained for only two of the five bedrock step heights in the quarrying model (Eq. 16).

4.2

Sliding law

Substitution of power-law sliding (SC PLS) for Coulomb-friction sliding, as in the reference
model (SC ref), has significant impacts on modelled abrasion patterns, but not on quarrying
(Fig. 7). Simulations SC PLS and SC ref differ only in the choice of sliding law; both employ
the coupled sheet–channel drainage system and SD (Seasonal + Diurnal) forcing. The incision
and migration of subglacial channels again drive an up-glacier migration of the abrasion rate
maximum, while quarrying rates again decrease during the interval of enhanced sliding. In
contrast to the reference model, the seasonal acceleration is observed along the entire length
of the flowline rather than being confined to several kilometres (Fig. 6a). This broad response
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Figure 8: Comparison of excess abrasion εėa (Eq. 17) for different sliding laws (black = Coulomb
friction, grey = power law) and distributed-only (dashed) and distributed-channelized (solid)
representations of basal drainage. Stars marks maximum up-glacier position of channel head
(here defined as S(x) = 0.1m2 ) in multi-morphology simulations.

reflects a high sensitivity of power-law sliding to changes in effective pressure (Eq. 3), as well as
the decoupled nature of sliding and deformation when the power law for sliding is used.

4.3

Importance of the seasonal cycle to annually integrated abrasion

The combined influence of drainage system representation and the choice of sliding law are
illustrated in Fig. 8 in terms of “excess abrasion” εėa (Eq. 17). We omit quarrying from the
results displayed and elaborate on that choice in the discussion. While the incorporation of
hydrology and the seasonal cycle alter annually integrated erosion patterns for both the sheetonly and the coupled sheet-channel simulations, the conceptual model adopted to describe
the drainage system has implications for the predicted patterns of erosion. Model tuning can
produce comparable magnitudes, but not patterns of erosion. With power-law sliding, excess
abrasion is more than three times greater than with Coulomb-friction sliding. In addition to
this difference in magnitudes of excess abrasion, the position of maximum εėa differs slightly
(∼10%) between simulations with the two sliding laws.

4.4

Erosion law exponent and model formulation

To illustrate the change in model behaviour when l > 1 in the abrasion law (Eq. 12), we plot
integrated and excess abrasion (Eq. 17) for the reference simulation SC ref for l = 1, 2 and 3
(Fig. 9). Integrated abrasion is compared to the “dry” simulation in which hydrology is excluded
and we set N = pi − 0 in the Coulomb friction law (Eq. 4). In models of landscape evolution,
the value of l is generally set equal to 1 or 2 (e.g., Egholm et al., 2012, 2009; Herman et al.,
2011; Herman and Braun, 2008; MacGregor et al., 2009, 2000; Tomkin and Braun, 2002), though
values up to 4 have been suggested for the evolution of transverse valley profiles (Harbor, 1992).
Our choice of l = 1, along with our reference model parameters, leads to a conservative estimate
of the influence of hydrology and the melt season on integrated abrasion rates. Comparison of
dotted and dashed black lines in Fig. 9a shows little excess abrasion εėa < 0.1 (solid black line,
Fig. 9b). In contrast, the influence of hydrology and the melt season become significantly more
pronounced for l > 1 (grey curves in Figs. 9ab), with εėa > 0.5 for l = 3 (solid dark grey line,
Fig. 9b). An additional test using the surface and bed geometry of Haut Glacier d’Arolla with
a sheet-only hydrology yields εėa ∼ 0.6 for l = 1 (not shown), hinting at potentially significant
feedbacks in the presence of real topography (c.f. Herman et al., 2011).

Integrated abrasion
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Figure 9: Comparison of integrated and excess abrasion (Eq. 17) for different values of exponent
l (Eq. 12): l = 1 (black), l = 2 (light grey) and l = 3 (dark grey). (a) Integrated abrasion
R
yr ėa (x) for reference simulation SC ref (dashed lines) compared with the same quantity for
R
“dry” simulations yr ėdry
a (x) (dotted lines). (b) Resulting excess abrasion εėa (solid lines). We
choose to disregard the increase in integrated abrasion over the last kilometer in our interpretations of the results; The steep ice-surface gradients lead to significant increase in driving stress
and thus in sliding speed. This increase is thus specific to the glacier geometry used.

4.5
4.5.1

Influence of model forcing and geometry
Importance of changes in water input

Excess abrasion is used to examine model sensitivity to meltwater forcing frequency in Fig. 10a
and amplitude in Fig. 10b (see Tab. 4 for summary of simulations and Fig. 3 for forcings) while
conserving total water input volume. Meltwater input variability has been seized upon as a
key driver of ice-flow variations (e.g., Schoof, 2010), though both quantity and delivery seem
to matter when observations are examined in a holistic manner. With our reference model
formulation, little difference in excess erosion is evident when comparing simulations forced
with seasonal (S) versus seasonal plus diurnal (SD) input variations (Fig. 10a). An elevated
response is observed when weekly variations are added to the seasonal plus diurnal variations
(SWD), while seasonal plus weekly (SW) variations produce a dramatically increased response
with a nearly eight-fold increase in εėa compared to those for the S and SW simulations.
Although the precise amplitudes of εėa in these simulations are influenced by the particulars
of the model, the sensitivity to intermediate forcing frequencies can be explained in terms of
the duration and magnitude of maximum basal water pressures. Meltwater input variability
is greatest for forcings that include diurnal variations (SD, SWD), nevertheless the high water pressures sustained with these forcings are short-lived. Short-lived periods of high water
pressure, and therefore high sliding rates, produce short-lived peaks in abrasion rate that may
not integrate to annually significant values. A slowly varying seasonal forcing (S) allows ample
time for drainage system adjustment, thus avoiding the high peak water pressures and sliding
rates that accompany the higher-frequency forcings. Weekly modulation of the seasonal forcing
(SW) introduces sustained periods of high water input to which the drainage system can only
partially adjust. Over a melt season, this leads to a greater integrated ice displacement by
sliding, and therefore to greater excess abrasion. Despite these differences in the magnitudes
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Figure 10: Effect of water forcing on excess abrasion. Sensitivity of excess abrasion εėa to
meltwater input frequency, amplitude and total volume. All simulations are shown for l = 1.
(a) Sensitivity to water input frequency (see Fig. 3): S = Seasonal (dashed grey), SD = Seasonal
+ Diurnal (solid black), SW = Seasonal + Weekly (solid grey), SWD = Seasonal + Weekly +
Diurnal (dashed dark grey). The inset shows maximum excess abrasion versus the period of
forcing added to the seasonal sinusoid. Bold black and grey boxes represent respectively SC SD
and SC SW in (a). (b) Sensitivity to water input amplitude (see Fig. 3): SD = Seasonal +
Diurnal (solid black), S2D = Seasonal + Diurnal with a doubled amplitude compared to SD
(dashed grey). (c) Sensitivity to total water input volume (see Fig. 4): Seasonal + Diurnal (SD),
SD + 15% (VolUp15), SD + 10% (VolUp10), SD + 5% (VolUp5), SD - 5% (VolDwn5), SD 10% (VolDwn10). Stars marks maximum up-glacier position of channel head (here defined as
S(x) = 0.1 m2 ) in each simulation. Excess abrasion in all the panels is normalized with respect
to the relevant reference model; magnitudes of εėa are comparable between (a) and (c) but not
(b), due to the use of different values of mmax in the Coulomb friction law for (b) (see Tab. 4).
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Figure 11: Excess abrasion εėa calculated for different ice geometries: IS = ice-sheet outlet
glacier (dashed grey), ref = reference geometry (solid black), TG = thin glacier (solid grey).
Note that thickness and length of IS are greater than for ref and TG (see Fig. 2). Due to
differences in hydrology and sliding-law parameters (Tab. 4), εėa is normalized independently
for each simulation. Stars marks maximum up-glacier position of channel head (here defined as
S(x) = 0.1 m2 ) in each simulation. All simulations are shown for l = 1 with Seasonal + Diurnal
(SD) forcing.

of excess abrasion, the position of maximum εėa appears insensitive to input frequency. This
can be explained by the extent of channel formation in response to the initial period of elevated
basal water pressures during the melt season. Sliding and abrasion rates are sufficiently high
during this initial period that their influence is significant enough on the seasonal scale.
Fig. 10b compares simulations that differ only in forcing amplitude (SC SD amp versus
SC S2D in Tab. 4 and Fig. 3). Doubling the amplitude of diurnal variations, while preserving
total water input volume, leads to a maximum increase of ∼ 15% in excess abrasion over the
melt-season, though the increase is confined to a limited section of the flowline. Doubling the
forcing amplitude leads to higher maximum water pressures and thus to higher sliding rates and
more abrasion, though this difference is much less than that achieved by altering the forcing
frequency. The migration of the channel head is again the same for the two simulations.
Fig. 10c compares simulations SC SD, SC VolUp5, 10 and 15, and SC VolDwn5 and 10
(Tab. 4) in which water input is varied in increments of 5% (see profiles in Fig. 4) but modulated
identically between simulations with the seasonal plus diurnal (SD) forcing. The larger the water
input volume, the greater the maximum excess abrasion. Between SC SD and SC VolUp5 the
peak excess abrasion is ∼ 7 times higher for a 5% shift in melt-rates and about two times between
SC VolUp5 and SC VolUp15. Increasing the total water input volume in the manner prescribed
here leads to water accessing the bed further up the flowline, as well as more sustained periods
of high water pressure. Up-glacier migration of the channel head therefore occurs in response
to the quantity of water input volume (stars in Fig. 10).
The position of the excess abrasion maximum along the flowline corresponds to the location
of the water pressure peak at the beginning of the melt-season, i.e. a combination of water
input distribution and size of the channel. Although the one-year model initialization runs are
simulation-specific and yield significantly different channel sizes before the onset of the meltseason, the location of the channel heads at the end on the winter is similar. As a result,
simulations with a sharper increase in water pressure (e.g. SC SW) show large excess abrasion
down-glacier from kilometre 6 (solid grey line, Fig. 10a).
4.5.2

Changes in ice thickness

Fig. 11 shows markedly different patterns of excess abrasion depending on the scale of the ice
mass investigated. Thicker more extensive ice (SC IS in Fig. 11) yields a more localized peak in
εėa closer to the glacier terminus, while thinner less extensive ice (e.g. SC TG in Fig. 11) yields

NAGRA NAB 14-23

22

a broad maximum in excess abrasion peaking halfway along the flowline in this simulation.
Examination of the maximum location of the channel head in each simulation (stars in Fig. 11)
shows a more extensive channel system under thin ice (SC TG) compared to the reference model
(SC ref), and a very limited channel migration in the case of the ice-sheet outlet glacier (SC IS).
Thick ice hinders channel formation in general due to the higher rates of creep closure (Eq. 7).
In the thin glacier case, channelized drainage operates over ∼60% of the flowline, compared to
∼55% in the reference case and ∼22% in the ice-sheet case. The peak in excess abrasion retreats
∼35% further up-glacier and is roughly four times wider in the thin glacier case than the icesheet case. Though independent parameter tuning was required for each of the three simulations
in Fig. 11 due to significant differences in ice thickness (see Tab. 4), the emergent patterns are
still robust. A ∼22% coverage of the channelized drainage system for SC IS corresponds to ∼11
km, which would coincide with suggested valley-glacier-like behaviour of the ice-sheet outlet
glacier near its terminus (e.g., Bartholomew et al., 2011; Meierbachtol et al., 2013).
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Discussion
Limitations of the model

The success and limitations of the model in terms of reproducing observed drainage system
behaviour have already been discussed by Flowers (2008). Of relevance here is the failure of the
model to produce winter water pressures commensurate with observations. In most simulations,
the model predicts flotation fractions of ∼30–40% in winter, whereas observations show that
winter water pressures can be much higher, for example 80% (e.g., Mathews, 1964; Vivian and
Zumstein, 1973). Modelled winter sliding speeds would be higher with higher winter water
pressures. In reality, however, limited winter water volumes and decreased drainage system
connectivity ordinarily prevent high sliding rates that might otherwise be associated with such
high water pressures in a well connected and supplied system. The issue of under-predicted
winter water pressures is not unique to this model (e.g., Hewitt, 2013; Werder et al., in press)
and thus remains a modelling challenge.
Although the model includes only a one-dimensional representation of basal drainage which
neglects lateral variations and interactions between channels, the results of Hewitt (2013) and
Werder et al. (in press) suggest that a drainage system comprising parallel and quasi-regularly
spaced channels develops when more sophisticated two-dimensional network models are executed
on simple topography. In the presence of significant bed topography, numerical stability issues
often arise for channel models, some of which may be circumvented with treatments of overand under-pressure (e.g., Hewitt et al., 2012). Applications of subglacial hydrology models that
include channel systems to real topography have thus far been limited to settings with low bed
slopes (e.g., Flowers et al., 2004; Werder et al., in press).
We use a representation of the distributed drainage system that omits an important feedback between glacier hydrology and sliding (c.f. Kessler and Anderson, 2004). Cavity-based
representations of the distributed system (e.g., Schoof, 2010) include this feedback, whereby
sliding contributes to cavity opening, thus increasing the capacity of the distributed drainage
system. This feedback provides an important stabilizing mechanism in the system in cases
where water pressures are high enough to promote sliding, but where volumes are too low to
pressurize growing cavities. A model that includes this feedback also more faithfully reproduces
the inferred phasing between subglacial water volume and sliding speed, and thus the observed
phasing between horizontal and vertical glacier velocities (e.g., Hewitt, 2013; Iken, 1981). Our
omission of this feedback, as well as any type of additional (e.g. englacial) storage, suggests possible phasing errors in variations of diurnal water pressure, sliding and abrasion. This feedback
can also dampen pressure increases and would diminish the amplitude of our modelled changes
in excess abrasion (Fig. 10).
Finally, we have neglected sediment production and transport by the ice and subglacial
streams. The presence of clasts is necessary for abrasion to take place (e.g., Boulton, 1974,
1979; Hallet, 1979) and the clast concentration directly affects abrasion patterns (Hallet, 1981).
If the bed is completely covered with sediment, abrasion will be significantly reduced (e.g. Cuffey
and Alley, 1996) or inhibited altogether (e.g., Egholm et al., 2012). Therefore the results we
present should be interpreted qualitatively. Sediment transport is highly controlled by sliding
speed (e.g., Iverson, 1993; Iverson and Iverson, 2001), thus enhanced sliding would facilitate
sediment evacuation. A related process that might play an important role for the distribution
of erosion is the interplay between quarrying and abrasion. The clasts present at the bed of a
glacier are most likely produced in situ, i.e. by quarrying, and then act as abrasive tools (e.g.,
Röthlisberger, 1968; Iverson, 2002). Moreover, abrasion tends to smooth bedrock steps while
quarrying enlarges them (e.g., Röthlisberger, 1968; Iverson, 2002). Thus, in order to create
bedforms such as roches moutonées, both processes must coexist (Iverson, 2002).

Integrated
pressure drop (MPa)
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Figure 12: Time integrated daily reduction in water pressure shown for three simulations in
which the total water input volume is varied (see Fig. 4 and Fig. 10c): Seasonal + Diurnal
(SC SD), SC SD + 10% (SC VolUp10), SC SD - 10% (SC VolDwn10). Stars marks maximum
up-glacier position of channel head (here defined as S(x) = 0.1 m2 ) in each simulation.

5.2

Implications for glacial erosion modelling

The formation of subglacial channels and resulting up-glacier migration of the ice surface velocity, attributed to changes in basal sliding speed, has been documented for alpine glaciers (e.g.,
Nienow et al., 1998; Anderson et al., 2004; Bartholomaus et al., 2007, 2011; Mair et al., 2002)
and for northern hemisphere ice-cap and ice-sheet margins (e.g., Nye, 1976; Bartholomew et al.,
2012; Sole et al., 2011; Meierbachtol et al., 2013). We thus suggest that the implementation of
a subglacial channel system should influence models of landscape evolution by glacial erosion.
Issues of computational power for the implementation of channels on highly variable topography
(Hewitt et al., 2012; Werder et al., in press) and of dependency of the channel network on the
mesh structure (Werder et al., in press) remain. Parameterization of coupled drainage (e.g.,
Arnold and Sharp, 2002) may bridge that computational gap where fully resolved models are
prohibitive.
Despite the small effect of superimposing diurnal cycles on the seasonal sinusoid, input
variations with a period longer than a few days significantly alter the amplitude of excess
abrasion. In considering the addition of subglacial forcing in glacial erosion models, it may be
the stochastic nature of melt in association with variable weather that drives the most significant
seasonal amplification of abrasion.
Hewitt (2013) found only a small difference in surface velocity patterns with a Coulombfriction or power-law sliding for an ice-sheet-like geometry. Longitudinal stress gradients in
an ice-flow model damp some of the surface velocity response to a change in sliding, thus
implications for erosion cannot be reasonably judged from perturbations to surface velocities.
Hewitt (2013) furthermore uses exponents for the power-law sliding (Eq. 3) equivalent to p =
q = 1 or p = q = 1/3 whereas we use p = 3 and q = 1 (e.g., Bindschadler, 1983; Budd et al.,
1979; Egholm et al., 2012; Herman et al., 2011) (Tab. 3). What may seem superficially to be
contrasting results between our study and that of Hewitt (2013) are not contradictory; we
maintain that the choice of sliding law has a significant effect on sliding and abrasion patterns.
The comparison of integrated and excess abrasion obtained with different exponents l
(Eq. 12, Fig. 9) illustrates that there is no significant difference in patterns between the “dry”
simulations as a function of l (Fig. 9a, dotted lines). When a subglacial drainage system is
implemented, the role of l becomes more significant as it amplifies the seasonal enhancement of
abrasion. Excess abrasion computed with l = 3 is ∼7 times higher than with l = 1 (Fig. 9b),
however, to our knowledge there are no data to either validate or invalidate these results. In
previous studies, the choice of l = 1 (e.g., Egholm et al., 2011; Herman and Braun, 2008;
MacGregor et al., 2000) is justified by the linear relationship between sliding speed and sediment evacuation found by Humphrey and Raymond (1994). This case study of Humphrey and
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Raymond (1994) may not be broadly representative, as they measure the sediment evacuation
during the 1982-83 surge of Variegated Glacier, Alaska. When l = 2 is chosen (e.g., Egholm
et al., 2012; MacGregor et al., 2009), the common justification is Hallet’s (1979) derivation of
ėa ∝ ub F b , where F ∝ ub is the contact force between a clast and the bed and b is an empirical
exponent. Hence ėa ∝ u2b . There is however, no argument in that study that would justify
the use of 0 < b ≤ 1 or b ≥ 1. Harbor (1992) suggested that 1 ≤ l ≤ 4 produces realistic
cross-sectional shapes for a glacial valley. Herman et al. (2011) compare results for l = 1 and
l = 2 for the evolution of the long valley profile, and also find that the larger l leads to more
localized erosion (see Herman et al., 2011, Fig. 3 and 4). Thus there may be merit in including
different values of l in future studies to examine its influence on long-term glacial erosion.

5.3

Quarrying rates and water pressure fluctuations

Iverson (2012) suggests that an implementation of sliding as a function of water pressure may
counteract the importance of the effective pressure alone and enhance quarrying. In our calculations, this effect appears to be overshadowed by the importance of changes in effective pressure.
The modelled quarrying rates therefore show little sensitivity to sliding, with quarrying maxima
being obtained in winter when modelled effective pressures are highest. For a quarrying event
to happen, the stresses in the bed need to exceed those required for critical crack growth (e.g.,
Iverson, 1991; Hallet, 1996; Hildes et al., 2004). Stresses produced under a thick column of ice
are large, but might not be large enough to exceed this threshold. When a cavity forms over a
bedrock obstacle, the stresses close to the ledge of the obstacle increase substantially (Iverson,
1991), in some cases enough to exceed the threshold for critical crack growth (Cohen et al.,
2006).
According to what was originally proposed by Iverson (1989), used to explain cirque and
overdeepening formation by Hooke (1991), later corroborated with numerical models (Hallet,
1996; Iverson, 1991) and recently illustrated through a subglacial experiment (Cohen et al.,
2006), quarrying is generally enhanced by water pressure fluctuations, which occur preferentially
during the melt season. Cohen et al. (2006) demonstrate a correlation between fracture growth
and water pressure reduction (i.e. effective pressure increase). They argue that during cavity
growth due to increasing water pressure, the contact surface between bedrock and ice diminishes.
With a reduction in cavity water pressure, a greater fraction of the ice load is transferred to
the bed-contact area, creating stresses that may surpass the threshold for critical crack growth
(Hallet, 1996). Sufficiently large stresses of this kind seem to require large changes in water
pressure, not just large overburden pressures. With this in mind, we compute the daily to subdaily water pressure reductions that occur in the simulations shown in Fig. 10c where the total
water input volume is varied. The annually integrated profiles of these water-pressure variations
is shown in Fig. 12 as an extremely crude proxy for quarrying patterns. In our simulations,
maximum cumulative water pressure fluctuations occur closer to the glacier terminus than the
upstream boundary, and below the maximum up-glacier position of the channel head, when
water input is large enough for a significant channel to form. Collectively, these results point to
the need for further study of the quarrying process, its underpinnings, and how best to represent
it in numerical models.
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Conclusion and outlook

We use a flowband model of coupled ice- and water flow to test the effects of different representations of the subglacial drainage system and sliding law on calculated erosion rates. We also
examine the influence of water input frequency, amplitude and volume with an eye to evaluating
whether seasonal or sub-seasonal processes need to be accounted for in models of glacial erosion.
To our knowledge this is the first study to combine a multi-morphology basal hydrology model
with Coulomb-friction sliding, sub-seasonal water input fluctuations and process-specific laws
for abrasion and quarrying. The principal conclusions of our study are:
1. The peaks in instantaneous and integrated abrasion migrate up-glacier when the coupled
sheet-channel drainage system is implemented, as compared to the sheet-only drainage
system.
2. Excess abrasion rates calculated with power-law sliding are larger, and enhanced over a
larger portion of the bed, than those computed with Coulomb-friction sliding.
3. Sliding and abrasion rates are very sensitive to the period of sub-seasonal fluctuations in
melt-water input, suggesting that capturing multi-day variations in meltwater input may
be more important than resolving diurnal fluctuations.
4. With increases in total water input volume, excess abrasion increases, notably up-stream
from its maximum value. This suggest that inter-annual variations in melt may have a
significant effect on erosion.
5. Calculations with the quarrying law of Iverson (2012) produce quarrying patterns markedly
different than those for abrasion, with maxima coincident with high effective pressures
(thick ice) rather than high sliding speed.
6. If water pressure fluctuations drive the quarrying process (Cohen et al., 2006), our calculations hint at quarrying being most efficient below the maximum extent of the channelized
system, with a pattern distinct from that of abrasion.
The full implications of the results above can only be realized when long-term simulations
that permit an evolving bedrock are conducted to explore the sign and significance of feedbacks
within the system. Until such studies are undertaken, we highlight several potential avenues
for exploration that may prove important in realistic modelling of glacial erosion. Though
the representation of channel networks is computationally out of reach for current landscape
evolution models, it is conceivable that the relevant effects of a channel network and its seasonal
evolution could be parameterized at the subgrid scale (Arnold and Sharp, 2002). Furthermore,
the quasi-instantaneous response time of the basal drainage system (order days to weeks), as
compared to the timescales relevant to changes in glacier geometry (order decades to century)
invites asynchronous model coupling in which iceflow- and erosion models need not adopt the
minuscule timesteps required for a sub-seasonally resolved hydrology.
A second result that seems intuitively important is the suggestion that intermediate forcing
frequencies (i.e. multi-day variations in meltwater input) may be important in driving erosion.
Although Herman et al. (2011) argue that sub-seasonal fluctuations have little effect on erosion
due to the rapid response time of the subglacial drainage system compared to erosion, it may
be the case that we have failed to adequately emulated realistic meltwater input variations in
models to date (e.g. Pimentel et al., 2010; Hewitt, 2013). In a similar way that high-frequency
stochastic fluctuations in climate can drive significant variations in glacier extent (e.g. Roe and
O’Neal, 2009; Roe, 2011) or that individual extreme mass-balance years can influence glacier
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health, sub-seasonal variations in hydrology and sliding may prove important for erosion even
when integrated over longer timescales.
Though not investigated here, the erosive agency of the subglacial water system itself may
also be important in the formation of large erosional features such as tunnel valleys (e.g.,
Dürst Stucki et al., 2010). Moreover, subglacial sediment evacuation is intimately linked to
subglacial drainage (e.g., Riihimaki et al., 2005; Creyts et al., 2013) and would be influenced by
the high water pressures obtained subglacially (e.g., Alley et al., 1997; Creyts et al., 2013). These
remain important avenues for investigation as we seek to better understand glacial landscapes
and model their evolution.
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Drainage system represented as a cavity continuum
Formulation of the cavity system

A theory for water flow through a distributed system of “linked cavities” was originally developed by Kamb (1987) and generalized for use in a spatially distributed network by Schoof
(2010). The recent models of Hewitt (2013) and Werder et al. (in press) employ similar formulations for the distributed drainage system, with the notable improvement that the cavity
system is treated as a continuum without the need to model each cavity element individually
as in Schoof (2010). Cavities can form on the lee side of bedrock obstacles when sufficiently
pressurized water is available to fill the gap created when ice slides over bedrock. Cavities open
primarily by glacier sliding over bedrock and close primary by ice creep. The presence of small
canals allows water to flow from one cavity to another. Rather than modelling each individual
cavity, here we assume that the cavity system forms a continuum. If water flow in the cavity
system is turbulent, it is possible that the resulting viscous dissipation of heat can melt the ice
walls to create a Röthlisberger-channel (Röthlisberger, 1972). Here we neglect the viscous heat
dissipation in the cavity system (following Hewitt et al., 2012; Hewitt, 2013; Werder et al., in
press), as our intention is to compare formulations of the distributed drainage system (linked
cavities vs. macroporous sheet) in the absence of the channelization process.
The temporal evolution of the cavity system can be expressed as (e.g., Kamb, 1987):
∂hca
= vo (hca ) − vc (hca , N ),
∂t

(18)

with hca the areally-averaged water volume in the system, N = pi − ps the effective pressure,
vo the cavity opening rate and vc the cavity closure rate. The opening and closure rates can be
expressed respectively as:
(
ub (hr − hca )/lr if hca < hr
vo (hca ) =
,
(19)
0 otherwise
vc (hca , N ) = Ãhca |N |n−1 N.

(20)

Here Ã is the rheological constant of ice corrected for the shape of the cavities and n is Glen’s
flow law exponent. The conservation of water in the system of cavities reads:
∂hca
+ ∇ · q ca = ḃca ,
∂t

(21)

where ḃca is a source term. The flux can be written as:
q ca = −Kca hαca |∇ψca |β−1 ∇ψca ,

(22)

where Kca is the effective hydraulic conductivity and ψca = pca +ρw gzb is the hydraulic potential,
with pca the water pressure in the system of cavities and zb the elevation of the bed. For
turbulent flow, exponents would be assigned as α = 5/4 and β = 3/2. Note that if α = 1
and β = 1, Equation 22 reduces to Darcy’s law for laminar flow (Equation 10). The system
is assumed to be saturated, hence the water thickness is equal to the height of the cavities.
To account for water that can be stored englacially, he , the mass conservation equation (21)
becomes:
∂hca ∂he
+
+ ∇ · q ca = ḃca .
(23)
∂t
∂t
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Table 5: Model variables

Symbols Names
Units
˙
bca
Source term to cavity system
m s−1
hca
Areally-averaged volume of water in cavity system m
he
Englacial storage
m
N
Effective pressure
Pa
pca
Water pressure in cavities
Pa
qca
Water flux in cavities
m2 s−1
ub
Sliding velocity
m a−1
vo
Cavity opening rate
m s−1
vo
Cavity closure rate
m s−1
ψca
Fluid potential in cavity system
Pa
Table 6: Model constants and parameters
Symbols Names
Ã
ev
Kca
lr
hr
α
β

Values

Ice flow-law coefficient corrected for cavity shape 5 × 10−25
Englacial void ratio
1 × 10−3
Conductivity in the cavity system
1 × 10−4 to 4.5 × 10−2
Length of bed obstacles
3
Height of bed obstacles
0.12
Empirical exponent
1, 5/4
Empirical exponent
1, 3/2

Units
Pa−3 s−1
m7/4 kg−1/2 or m s−1
m
m
-

The englacial “aquifer” is assumed to have a void ratio ev such that (e.g., Werder et al., in
press):
he (pca ) = ev

ψca − ρw gzb
.
ρw g

(24)

The system of equations can then be rewritten as (Werder et al., in press):
ev ∂ψca
+ ∇ · q ca + vo − vc − ḃca ,
ρw g ∂t

(25)

∂hca
= vo − vc .
∂t

(26)

Equations 25 and 26 form a parabolic system of equations and can be solved for ψca and hca .
Unless otherwise noted, the numerical tests performed with the cavity system are set up
identically to those performed with the macroporous sheet and employ the same boundary
conditions (see section 2.1.3). For the tests in which an annual cycle is shown, simulations
are initialized with a one-year spin-up and the results presented for the second year only. A
summary of the model variables, constants and simulations can be found in Tables 5, 6, 7 and
8.
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Figure 13: Simulated subglacial water pressure at three different locations along the bed for three
different treatments of the distributed drainage system. (a) Macroporous sheet (CST sheet)); (b) Cavities
with turbulent flow (CST tur)); (c) Cavities with laminar flow (CST lam).
Simulation

Purpose

Hydrology

Frequency

hsc or hr (m)

Ks (m s−1 or m7/4 kg−1/2 )

α

β

ub (m a−1 )

CST tur
CST lam
CST sheet

Steady state
Steady state
Steady state

turbulent cavities
laminar cavities
macroporous sheet

Steady
Steady
Steady

0.12
0.12
0.6

5 × 10−3
1 × 10−4
4.5 × 10−2

5/4
1
1

3/2
2
2

1
1
1

CAV tur SD
CAV lam SD
SH SD

Transient
Transient
Transient

turbulent cavitites
laminar cavitites
macroporous sheet

SD
SD
SD

0.12
0.12
0.6

5 × 10−3
1 × 10−4
4.5 × 10−2

5/4
1
1

3/2
2
2

1
1
1

CAV tur SD ub5
CAV tur SD ub10
CAV tur SD ub20

Transient
Transient
Transient

turbulent cavitites
turbulent cavitites
turbulent cavitites

SD
SD
SD

0.12
0.12
0.12

1 × 10−3
1 × 10−3
1 × 10−3

5/4
5/4
5/4

3/2
3/2
3/2

5
10
20

Table 7: Simulations performed with the subglacial hydraulic system decoupled from ice dynamics.

A.2
A.2.1

Tests of the cavity model and comparison with the macroporous sheet
Steady-states in response to constant and uniform water input

Examining the model steady state in response to a constant and uniform forcing is one of
the simplest ways to understand basic model behaviour, and to determine whether significant
differences arise between the macroporous sheet and the cavity system. In this first test, we
prescribe water input to be constant in time and uniform in space. Figure 13 illustrates the
differences between three different representations of the distributed drainage system in this
case. Parameters have been chosen to maximize comparability of the simulations, in this case
to produce steady-state water pressures corresponding to ∼70% of the ice overburden pressure.
Differences are apparent in the trajectories of the systems toward steady state, with turbulent
cavities exhibiting a strongly oscillatory transient phase. Laminar cavities exhibit a damped
oscillation but much more closely resemble the macroporous sheet. The macroporous sheet
model reaches steady state after only ∼120 d while it takes ∼1000 d for the cavity model with
turbulent flow and ∼200 d for the cavity model with laminar flow. These differences are due in
part to the feedback between water pressure and thickness in the cavity system, where cavity
height can change by ice creep. In the fully articulated model, cavity height would also change
with sliding speed, which itself would be related to effective pressure; this effect has not been
included here and sliding is prescribed as a constant value.
A.2.2

Spatially varying water input

Model comparison
To compare transient results across different formulations of the distributed drainage system,
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(a) Temporal evolution of flotation fraction
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Figure 14: Simulated timeseries of (a) subglacial water pressure and (b) normalized water thickness,
along with normalized water input rate (cyan), for x = 7.4 km along the glacier bed. The water thickness
in (b) is normalized by the maximum obstacle size for the cavity model or the critical sheet thickness for
the macroporous sheet. The simulations presented are CAV tur SD in black, CAV lam SD in red and
SH SD in blue (see Table 7)

we use the same parameters as in the previous tests (Figure 13). Figure 14a shows the subglacial water pressure (expressed as flotation fraction) and the normalized water input rate at
x = 7.4 km for the three drainage system formulations (macroporous sheet, turbulent cavities,
laminar cavities). Assumption of turbulent water flow in the cavity system leads to the highest
seasonal maximum water pressures and the lowest winter water pressures. The amplitude of the
seasonal maximum water pressure is similar for the macroporous sheet and laminar cavities, but
the maximum pressure is reached later with the macroporous sheet due to the greater capacity
of the sheet for the prescribed model parameters. Simulated daily fluctuations in water pressure
are, however, in phase across the different models (Figure 14, centre panel). Careful inspection
reveals that peak diurnal rates of water input correspond to the rising limb of the diurnal
variations in water pressure for all three models. Water thickness variations (Figure 14b) are,
however, significantly different between the models. Not only does the macroporous sheet have a
higher baseline storage than the cavity system (Figure 14b), diurnal variations in sheet pressure
and thickness are in phase (not shown). In either formulation of the cavity model, the maximum
water pressures are attained while cavity size is increasing. These differences in phasing arise
from the respective model formulations. Pressure is a direct function of sheet thickness in the
macroporous model, while cavity size evolves as a function of water pressure in the cavity model
(Equations 18–20). The behaviour of the cavity system more closely reproduces the processes
inferred by Iken (1981) and later by others (e.g. Bartholomaus et al., 2011; Hewitt, 2013). Key
to the coupling between basal hydrology and ice dynamics is the phasing between water input
and basal water pressure which is identical between the three models (Figure 14a). Importantly,
however, lag between water input and basal water pressure occurs for different reasons in the
cavity-based models than in the macroporous sheet.
A significant difference that arises between the cavity and macroporous sheet models is the
spatial distribution of water thickness. In the macroporous sheet, the critical sheet thickness is
constant and uniform. In the cavity system, the equivalent parameter would be variable as it
depends on the size of bed obstacles, the sliding speed (Equations 18–20) and the rate of creep
closure. Figure 15 shows longitudinal profiles of normalized water thickness. The cavity system
produces a monotonically increasing water thickness with distance downglacier (Figure 15, black
curves), whereas the water thickness for the macroporous sheet attains a broad maximum near
the terminus and then declines (Figure 15, blue curves). Although sliding speed is assumed
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Figure 15: Longitudinal profiles of normalized water thickness for the macroporous sheet (blue) and
the cavity system (black). The normalization is based on the critical sheet thickness and the height
of bed obstacles, respectively. Dash-dotted lines represent the average over the simulation, solid lines
the average over the melt-season and lines with crosses the maximum water thicknesses observed in the
simulation.

uniform here, variable creep closure, arising from variable ice thickness along the flowline, is
partially responsible for the smaller cavities upstream and larger cavities near the terminus.
Changes in sliding speed
The behaviour of the cavity system should be fundamentally affected by sliding speed (Equation 18). To examine this sensitivity, we compare the pressure regime simulated with turbulent
flow in the cavity system for different sliding speeds (Table 7). Figure 16a shows the reduction in
baseline water pressure that accompanies an increase in the prescribed sliding speed (decoupled
from water pressure). As sliding speed increases, the seasonal peak in water pressure is delayed
and the phase difference between seasonal maximum pressure and water thickness is reduced
(Figure 16ab). When sliding speed is large, the behaviour of the cavity system tends toward
that of a macroporous sheet in these simulations. This effect may be a function of the lack of
feedback between pressure and sliding in these simulations, or the fact that we consider only a
single bedrock obstacle size. In a similar way to what is described by Creyts and Schoof (2009),
considering different obstacle sizes may render the model more realistic.
A.2.3

Interactions with ice dynamics

Simulation

Purpose

Hydrology

Frequency

hsc or hr (m)

Ks (m7/4 kg−1/2 )

α

β

CAV ref

interactions with sliding

turbulent cavities

SD

0.15

1.2 × 10−3

5/4

3/2

Table 8: Simulation parameters for test with coupled ice dynamics.
The interplay between water flow and sliding speed is inherent to the formulation of the cavity system, therefore the coupling with ice dynamics is necessary if we are to generalize the
conclusions drawn thus far. Using the cavity system formulation (see Table 8), we conduct a
test similar to that used to obtain the simulations SH ref and SC ref (see Table 4 and Section 3.2.1). Figure 17 shows the resulting abrasion and quarrying rates, along with effective
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Flotation fraction for a turbulent cavities model and different ub
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Figure 16: Simulated timeseries of (a) basal water pressure (expressed as flotation fraction) and (b)
normalized water height, along with normalized water input (cyan) for x = 7.4 km plotted for different
prescribed sliding speeds: ub = 5 m a−1 (black), ub = 10 m a−1 (red) and ub = 20 m a−1 (blue). Water
thickness is normalized by the maximum obstacle size. Note that the hydrology-related parameters
are kept constant throughout these simulations, however they differ from the previous comparisons
(simulations CAV tur SD ub5, CAV tur SD ub10 and CAV tur SD ub20 in Table 7).
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Figure 17: Profiles of normalized abrasion rate, normalized quarrying rate and basal effective pressure
during the seasonal sliding enhancement in simulation CAV ref; (a) Abrasion rates ėa for l = 1; (b)
Quarrying rates ėq for m = 3; (c) Effective pressure N = pi − pca . Lines are snapshots corresponding
to different sliding phases (day number during melt season in legend): increasing sliding (solid grey),
maximum sliding (solid black), decreasing sliding (dot-dashed grey) and winter background (dotted).
Shading highlights region most affected by spring “speed-up”. This figure is to be compared with
Figure 5 and 6.
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Figure 18: Comparison of excess abrasion εėa for different drainage morphologies: macroporous sheet
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and channels (solid black), macroporous sheet only (dashed grey), cavities only (dash-dotted light grey).
Excess abrasion is normalized with respect to its maximum in simulation SC ref. Star marks maximum
up-glacier position of channel head (here defined as S(x) = 0.1m2 ) in multi-morphology simulation.
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Figure 19: Comparison of time integrated daily reduction in water pressure for different drainage
morphologies: macroporous sheet and channels (solid black), macroporous sheet only (dashed grey),
cavities only (dash-dotted light grey). The star marks the maximum up-glacier position of channel head
(here defined as S(x) = 0.1m2 ) in multi-morphology simulation.

pressure, through the seasonal “speed-up”. The patterns of abrasion are similar to those obtained with the sheet-only macroporous model (Figure 5). A significant difference in effective
pressure can be observed in the upper two kilometres of the flowline, as N remains large here
compared to that obtained in the corresponding macroporous sheet simulation (Figure 5c and
17). Calculated quarrying rates therefore remain high over a limited upper reach of the flowline
throughout the melt-season. This behaviour is not observed with laminar flow in the cavities
(not shown).
Figure 18 compares calculated excess abrasion (Equation 17) obtained with the system of
cavities, the macroporous sheet alone and the sheet coupled to channels. The maximum in
excess abrasion obtained with the cavity model is located very close to the that obtained with
the sheet-only model, although the peak is sharper. The differences in magnitude between the
simulations originate in model tuning. The addition of a fast (channelized) drainage system
in the model leads to much more significant differences in excess abrasion than implementing
an alternative formulation of the distributed system. Figure 19 compares the integrated daily
reduction in water pressure as a proxy for quarrying driven by cavity water pressure fluctuations.
The peak in integrated pressure fluctuations in the cavity system is more localized and ∼1 km
further down-glacier from the peak produced with the macroporous sheet.
A.2.4

Summary

This brief comparison between several formulations of the distributed drainage system was
intended to highlight the differences in behaviour between the macroporous sheet and a system
of cavities. With unconstrained parameters tuned to achieve the same baseline water pressures,
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the macroporous sheet has much greater storage (water thickness) than the cavity system, and
the distribution of water thickness along the flowline that is markedly different. Steady states
take different times to achieve, with turbulent cavities exhibiting a long oscillatory transient
prior to reaching steady state. When seasonally variable meltwater input is prescribed, the
seasonal maximum water pressure is lagged with the macroporous sheet relative to the cavity
system. The prescription of sliding speed changes the phasing between seasonal water input
and water pressure for the cavity system. Diurnal variations of basal water pressure are in
phase with all models, though the phasing between water thickness and pressure is different
for the macroporous sheet (in phase) compared to the cavity system (maximum water pressure
corresponds to increasing water thickness). The cavity system captures some observed behaviour
more faithfully in this respect. The cavity system yields a more localized speed-up along the
flowline than the macroporous sheet, though the differences are small compared to the differences
resulting from the introduction of a channel system. The feedbacks between water pressure and
cavity size may render the system of cavities more stable to varying water input than the
macroporous sheet. For example, the ability of cavities to grow may reduce the tendency of the
system to attain super-flotation water pressures. However, many of the same results we achieved
with the macroporous sheet were qualitatively similar to those obtained with the cavity system.
In light of these results, we suggest that our conclusions related to seasonal-scale erosion patterns
are robust to the formulation of the distributed drainage system. Implementation of distributed
and channelized drainage introduces much greater variation than substitution of a cavity system
for the macroporous sheet.
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Long-term simulations and longitudinal profile evolution

Our study of the sub-annual evolution of erosion rates and annually integrated erosion patterns
hints at processes that may be important on longer timescales, but our study has thus far
been limited to evaluation of effectively instantaneous quantities. Long-term simulations are
needed to evaluate the role of ice dynamics and glacier hydrology in the feedbacks between
glacial erosion and glacier geometry (surface and bed). Solving equations for the evolution
of a subglacial drainage system while resolving sub-seasonal fluctuations requires timesteps of
minutes to hours. Simulations in excess of several model years therefore become onerous without
significant increases in computing resources. Strategies to circumvent this fundamental obstacle
will have to be developed if we hope to represent sub-seasonal processes in models of landscape
evolution. Asynchronous coupling of model components would be necessary if one hopes to
avoid running all model components at the minimum (hydrology) timestep. Changes in glacier
geometry are slow compared to the seasonal cycle, so geometric changes could be implemented
at discrete intervals (e.g. decades) based on calculated erosion rates. Our approach to this
would be to run the coupled hydrology and dynamics for representative seasonal cycles with a
fixed glacier geometry. The integrated annual erosion rates would be accumulated over some
number of years and applied to the glacier bed at discrete intervals (e.g. decades). The iceflow model would then be used to compute a steady-state ice thickness profile for the new bed
geometry (and prescribed mass balance). The seasonal-scale simulation would then be repeated
to determine the integrated annual erosion. The timesteps appropriate for geometric updates
would have to be carefully determined so as not to omit important feedbacks.
Although long-term simulations were part of the original project proposal, we have agreed
that model development time is better spent on other aspects of this work. We faced several
technical challenges during the project that would make long-term simulations much more
difficult than originally anticipated. In our model and most others, the equations are developed
for saturated flow. Conditions that tend to produce unsaturated flow therefore violate model
assumptions, fail to conserve mass and often create numerical difficulties. Such conditions arise
in the presence of steep elevation gradients (e.g. significant glacier bed topography) and when
water input is very low. Unsaturated conditions are particularly problematic for channels (as
opposed to the distributed system), and we have experienced difficulty in achieving numerically
stable simulations that include channelized drainage with realistic bed topography. A further
complication for long-term simulations is the model tuning required to produce realistic water
pressures and sliding speeds. The tuning tends to vary with model geometry and cannot be
applied widely across scales. Simulations in which geometric changes are significant would
require impractical attention to model tuning, pointing to the need for an entirely different
approach to this process.

